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BRAUER–MANIN FAILURE FOR A SIMPLY CONNECTED FOURFOLD OVER
A GLOBAL FUNCTION FIELD, VIA ORBIFOLD MORDELL
STEFAN KEBEKUS, JORGE VITO´RIO PEREIRA, AND ARNE SMEETS
Abstract. Almost one decade ago, Poonen constructed the first examples of algebraic
varieties over global fields for which Skorobogatov’s e´tale Brauer–Manin obstruction
does not explain the failure of the Hasse principle. By now, several constructions are
known, but they all share common geometric features such as large fundamental groups.
In this paper, we construct simply connected fourfolds over global fields of positive
characteristic for which the Brauer–Manin machinery fails. Contrary to earlier work in
this direction, our construction does not rely on major conjectures. Instead, we establish
a new diophantine result of independent interest: a Mordell-type theorem for Campana’s
“geometric orbifolds” over function fields of positive characteristic. Along the way, we
also construct the first example of simply connected surface of general type over a global
field with a non-empty, but non-Zariski dense set of rational points.
Contents
1. Introduction 2
2. Notation and global assumptions 4
Part I. e Mordell theorem for integral points on orbifolds 6
3. Main results 6
4. Geometric height bounds in a generalised logarithmic seing 10
5. Covering constructions 16
6. e sheaf of adapted differentials 19
7. Geometric height bounds — proof of eorem 3.8 25
8. Geometric height bounds — proof of eorem 3.7 29
9. Rigidity theorem for C-integral points — proof of eorem 3.10 30
10. Mordell theorem for C-integral points — proof of eorem 3.12 35
Part II. Insufficiency of the Brauer–Manin obstruction for a simply
connected fourfold 36
11. Fibrations of general type — proof of eorem 1.4 36
12. Construction of the example — proof of eorem 1.1 40
References 42
Date: 9th May 2019.
2010 Mathematics Subject Classification. 14F22 (11G35).
Key words and phrases. Brauer–Manin obstruction, Hasse principle, function field, Mordell theorem.
Stefan Kebekus gratefully acknowledges partial support through a fellowship of the Freiburg Institute of Ad-
vanced Studies (FRIAS). is material is based in part upon work supported by the National Science Foundation
under Grant No. DMS-1440140 while Stefan Kebekus was in residence at the Mathematical Sciences Research
Institute in Berkeley, California, during the Spring 2019 semester. Jorge Vito´rio Pereira acknowledges support
of CNPq, Faperj, and the Freiburg Institute for Advanced Studies (FRIAS). e research leading to these results
has received funding from the People Programme (Marie Curie Actions) of the European Union’s Seventh Pro-
gramme (FP7/2007-2013) under REA grant agreement nr. [609305]. Arne Smeets acknowledges support from
ERCConsolidator Grant MOTMELSUM (grant agreement ♯615722), a postdoctoral fellowshipof FWO (Research
Foundation – Flanders) and a Veni fellowship from NWO (Netherlands Organisation for Scientific Research).
1
2 STEFAN KEBEKUS, JORGE VITO´RIO PEREIRA, AND ARNE SMEETS
1. Introduction
1.1. Insufficiency of the Brauer–Manin obstruction. Let X be a smooth, projective
variety over a global field K with ade`le ring AK . To decide whether or not the variety X
has a K-rational point, the Brauer–Manin obstruction and its refinements are oen very
useful tools. A conjecture of Colliot-e´le`ne asserts that if X is rationally connected and
if K is a number field, then the Brauer–Manin obstruction to the existence of a rational
point is the only one. In other words: if the Brauer–Manin set X (AK )Br is non-empty,
then X (K) is non-empty. is conjecture is now known in many special cases, including
many rational surfaces and many homogeneous spaces of linear algebraic groups. On the
other side of the geometric spectrum, we know very lile. For example, we do not have
any examples of smooth hypersurfaces of general type in Pn
Q
, where n ≥ 4, for which
the Hasse principle fails, even though one should expect such examples to abound. An
interesting line of recent research has tackled the problem of constructing varieties for
which one can prove that the Brauer–Manin machinery fails.
1.2. Main result. is paper addresses the challenge to construct the first example of
a simply connected variety over a global field for which the Brauer–Manin obstruction
does not explain the failure of the Hasse principle. e following is our main result.
eorem 1.1. ere exist a global function field K and a smooth, projective, geometrically
integral fourfold Z over K such that π e´t1 (ZK ) = 0, Z (AK )Br , ∅ and Z (K) = ∅.
Remark 1.2. eorem 1.1 is no abstract existence result. e construction carried out in
Section 12 is quite explicit.
Remark 1.3. To the best of our knowledge, eorem 1.1 provides the first example of a
simply connected variety over a global field where Brauer–Manin fails. Over number
fields, simply connected examples have been constructed conditional on the Bombieri–
Lang conjectures by Sarnak–Wang [SW95] and Poonen [Poo01], and conditional on the
abc conjecture by Smeets [Sme17, §4].
1.2.1. Earlier results. e first example of a smooth, projective variety over a number
field for which the Brauer–Manin obstruction does not explain the failure of the Hasse
principle was a bi-elliptic surface constructed by Skorobogatov, [Sko99, §2]. For this sur-
face, however, the failure of the Hasse principle could be explained by the (finer) e´tale
Brauer–Manin obstruction [Sko99, §3]. Next, Poonen [Poo10a] found the first examples
of varieties for which this finer obstruction fails as well. His examples are threefolds
fibred over a curve of genus at least one. Soon aer, Harpaz–Skorobogatov [HS14] con-
structed surfaces with this property, Colliot-e´le`ne–Pa´l–Skorobogatov [CTPS16] found
examples of quadric bundles, and Smeets [Sme17, §3] came up with the first examples
with trivial Albanese variety.
1.3. A simply connected surface with a non-empty, but non-Zariski dense set of
rational points. e proof of eorem 1.1 builds on an idea that goes back to the work
of Poonen [Poo10a]: to construct a simply connected example over a field K , it suffices
to construct a simply connected K-surface S , equipped with a fibration f : S → P1K ,
such that only finitely many (but more than zero) fibres of f have K-rational points.
e following theorem claims the existence of S abstractly. e construction given in
Section 11 is however really quite explicit.
eorem 1.4. ere exist a global function field K and a smooth, projective, geometrically
integral and geometrically simply connected K-surface Y of general type, equipped with a
dominant morphism π : Y → P1K , such that π
(
Y (K)) is finite and non-empty.
To reach this goal, we adapt a cunning strategy devised by Campana in [Cam05]. He
constructed simply connected surfaces over general type over Q fibred over P1
Q
with a
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so-called “orbifold base of general type”, and argued that his “orbifold Mordell conjecture”
would imply non-Zariski density of the set of rational points on the surface.
We make his work unconditional in positive characteristic. To achieve this, we build
on a construction of Stoppino [Sto11] which is simpler than the one used by Campana
in [Cam05, §5], and more easily transportable to positive characteristic. We combine
this construction with a new diophantine ingredient: a version of Mordell’s theorem for
Campana’s “geometric orbifolds” over global function fields. e orbifolds considered by
Campana are not stacks, but simply pairs consisting of a smooth variety and a certain type
of Q-divisor. We call these C-pairs, see Section 1.4 and Definition 2.7 for more details.
Remark 1.5. It is a major open problem to construct such an X over Q for which X (Q)
is both non-empty and not Zariski dense, see [Poo10b, Rem. 1.4]. To the best of our
knowledge, eorem 1.4 yields the very first example of a simply connected surface over
a global field K with X (K) , ∅ for which one can verify the non-Zariski density of the set
rational points unconditionally, in the direction of the Bombieri–Lang conjecture. Our
methods are, however, restricted to positive characteristic.
Remark 1.6. In fact, the construction used in Section 11 to proveeorem 1.4 immediately
yields a slightly stronger statement: for the fieldK and surfaceY constructed in Section 11,
we know that the set π
(
Y (L)) remains finite for any finite, separable field extension L/K .
1.4. An orbifold version of the Mordell theorem. Let k be an algebraically closed
field, and let K be the function field of a k-curve. e classic Mordell theorem over func-
tion fields, proven by Grauert and Manin in characteristic zero and by Samuel in positive
characteristic, states that ifX is a smooth, projective curve of genusд(X ) ≥ 2 overK , then
X has finitely manyK-rational points, provided that it is non-isotrivial. In the orbifold set-
ting, the curve X can be of arbitrary genus, but comes equipped with Q-divisor D, with
coefficients of the form 1 − 1
m
. We refer the reader to Section 2.3 for a precise definition
of the “C-pair” (X ,D). Given a sufficiently nice integral model of (X ,D), one can consider
the set of C-integral points. One should think about these as interpolating between two
classic notions: K-rational points onX on the one hand, and integral points on a model of
(X , ⌈D⌉) on the other hand. Campana proposed a version of Mordell’s conjecture for C-
pairs over global fields of characteristic zero. We prove such a statement unconditionally
over global fields of positive characteristic, where the formulation becomes slightly more
involved. Stated in rather loose terms, our orbifold Mordell theorem says the following.
eorem 1.7 (Mordell theorem for C-integral points (= eorem 3.12)). Let K be the
function field of a curve defined over an algebraically closed field k . Let (X ,D) be a C-pair
of general type over K , with non-vanishing Kodaira–Spencer class. en the set of C-integral
points on any integral model of (X ,D) is finite.
Remark 1.8. e assumption that (X ,D) is of general type simply means that the degree
of KX + D is positive; this is an analogue of the assumption “д(X ) ≥ 2” in the classic
Mordell theorem. e analogue of the condition on isotriviality is slightly more subtle.
One could declare a C-pair (X ,D) to be “non-isotrivial” if the associated “logarithmic”
pair (X , ⌈D⌉) is non-isotrivial. Unlike in the classic seing, this does however not suffice
to guarantee finiteness of the set of C-integral points, see Section 3.4.1. We impose the
stronger condition that the Kodaira–Spencer class associated to (X , ⌈D⌉) does not vanish,
and it turns out that this condition does in fact suffice to guarantee finiteness of the set
of C-integral points on any integral model of the C-pair (X ,D).
Remark 1.9. eorem 1.7 can be thought as a generalisation of the function field versions
of the classic theorems of Mordell and Siegel, valid in arbitrary characteristic. We want to
stress that the case where k = C has already been treated by Campana [Cam05, §3]; we
give an alternative treatment, but the real novelties lie in positive characteristic. Campana
also conjectured such a statement for number fields, see [Cam05, §4]. is conjecture is
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wide open, but it is known to follow from the abc conjecture thanks to observations of
Colliot-e´le`ne and Abramovich (see the exposition in [Sme17, Appendix]).
1.5. Height bounds. Like other proofs of Mordell-type theorems, the proof of eo-
rem 1.7, relies on height bounds and on rigidity results for C-integral points; these are for-
mulated in eorems 3.7 and 3.10, respectively. Establishing the relevant height bounds
is the main difficulty of this paper. e proof combines ideas pioneered by Grauert, Vojta
and Kim [Gra65, Voj91, Kim97] that oen allow one to restrict one’s aention to integral
points that are tangent to suitable foliations, with ideas of Campana-Pa˘un [CP15] who
construct foliations on suitable “adapted” covers of the original space X .
Two main difficulties arise and need to be overcome. To begin, we need to construct
and discuss covering spaces and foliations in positive characteristic, where covers might
well be inseparable or wildly ramified, and where the discussion of foliations becomes
substantially more involved when compared with the characteristic zero case. Next, the
comparison of height functions on X and heights on an adapted cover turns out to be a
second major issue. One of the main technical insights of this paper, hidden in Claim 7.10
of Section 7 is the observation that a li of a C-integral point from X to an adapted cover
is oen quite singular, and that the singularities improve the height bounds on the cover
by exactly as much as is necessary to establish bounds on the original space X . We hope
that this technique might be of interest for others.
1.6. Acknowledgements. We would like to thank numerous colleagues for discussions
and invaluable help. is includes Piotr Achinger, Fre´de´ric Campana, Jean-Louis Colliot-
e´le`ne, He´le`ne Esnault, Andrea Fanelli, David Harbater, AnneeHuber-Klawier, Shane
Kelly, Qing Liu, Andrew Obus, Zsolt Patakfalvi, Rachel Pries, Erwan Rousseau, Takeshi
Saito, Angelo Vistoli, Felipe Voloch, Joe Waldron and Liang Xiao.
2. Notation and global assumptions
2.1. Global assumptions. roughout, the leer k will always denote an algebraically
closed field of arbitrary characteristic.
2.2. Varieties and pairs. We follow notation and conventions of Hartshorne’s book
[Har77]. In particular, varieties are always assumed to be irreducible.
Definition 2.1 (Curves and surfaces). Let k be an algebraically closed field. A k-curve is
a quasi-projective k-variety of dimension one that is smooth over Speck . Analogously for
k-surfaces.
Definition 2.2 (Pairs). Let k be an algebraically closed field. A k-pair is a tuple (X ,D),
consisting of a normal, quasi-projective k-variety X and a Q-Weil divisor D = δ1 · D1 +
· · · + δd ·Dd on X , with coefficients δi in the set [0 . . . 1] ∩ Q.
Notation 2.3 (Round-up, round-down and fractional part). In the seing of Definition 2.2.
We denote the round-up and round-down of D as ⌈D⌉ = ∑di=1⌈δi ⌉ · Di and ⌊D⌋ =∑d
i=1⌊δi ⌋ ·Di . e fractional part of D will be wrien as {D} := D − ⌊D⌋.
Notation 2.4 (Intersection of boundary components). In the seing of Definition 2.2, if
I ⊆ {1, . . . ,d} is any non-empty subset, consider the scheme-theoretic intersection DI :=
∩i ∈I suppDi . If I is empty, set DI := X .
e notion of relatively snc divisors has been used in the literature, but its definition
has not been discussed much. For the reader’s convenience, we reproduce the definition
given in [Keb13, § 3.1].
Definition 2.5 (SNC morphism, relatively snc Divisor, [VZ02, Def. 2.1]). Let k be an
algebraically closed field, let (X ,D) be a k-pair and let φ : X → Y be a surjective morphism
of quasi-projective k-varieties. We say that D is relatively snc, or that φ is an snc morphism
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of the k-pair (X ,D) if for any set I with DI , ∅, all restricted morphisms φ |DI : DI → Y
are smooth of relative dimension dimX − dimY − |I |.
Definition 2.6 (k-SNC). Let k be an algebraically closed field. A k-pair (X ,D) is called snc
if the morphism to Speck is an snc morphism.
2.3. C-pairs. e core notion of this paper is that of a “C-pair”. ese pair were intro-
duced under the name “orbifoldes ge´ome´triques” by Campana and feature prominently
in his work. We briefly recall the main definition and refer the reader to one of the many
survey papers, including [Cam04, Abr09, CKT16], for a more detailed introduction to
Campana’s ideas.
Definition 2.7 (Pairs and C-pairs). Let (X ,D) be a k-pair, as in Definition 2.2. e pair
(X ,D) is called C-pair if the coefficients δi are contained in the set{
1 − 1m
m ∈ N+} ∪ {1}.
We follow the convention that 1 − 1∞ = 1 and write δi = 1 − 1mi withmi ∈ N+ ∪ {∞}. We
refer to the numbersmi as C-multiplicities.
Definition 2.8 (C-curve). In the seing of Definition 2.7, assume that the k-pair (X ,D)
is snc. A C-curve is a k-curve T and a morphism of k-varieties γ : T → X such that
Imageγ 1 suppD and such that the following conditions hold for every index i .
(2.8.1) Ifmi = ∞, then γ ∗Di = 0.
(2.8.2) Ifmi < ∞, then γ ∗Di ≥ mi · suppγ ∗Di .
Remark 2.9. Roughly speaking, C-curves avoid all integral components of D. At points
of intersection with one of the remaining Di , the local intersection of every branch of T
with Di is at leastmi .
2.4. Projectivisedbundles. Likemost earlier papers on the subject, we followGrauert’s
approach, [Gra65], and study curves on X by looking at their natural lis to the project-
ivised bundle P(Ω1
X
). e following seing fixes assumptions and notation.
Seing 2.10 (Projectivized vector bundles). Let k be an algebraically closed field. Given
a smooth k-variety X and a locally free sheaf E of OX -modules, consider the projectiv-
isation P := PX (E ) together with the natural projection morphism π : P → X and the
Euler sequence
(2.10.1) 0 // Ω1
P/X (1) // π ∗E
τ // OP(1) // 0.
e construction satisfies a number of universal properties, and the “tautological sheaf
morphism” τ appears prominently in all of them. For the reader’s convenience, we recall
three standard facts.
Fact 2.11 (Universal property of projectivized bundles –otients of E ). In Seing 2.10,
if φ : Z → X is any morphism, then to give a morphism Φ : Z → P that makes following
diagram commute,
(2.11.1)
P
π

Z
Φ
77
φ
// X ,
is equivalent to give an invertible quotient of φ∗E . e relation between the morphisms Φ
and quotients is described as follows.
(2.11.2) Given morphism Φ, then the associated quotient is given by the pull-back Φ∗τ ,
which maps φ∗E = Φ∗π ∗E to Φ∗OP(1).
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(2.11.3) Given quotient q : φ∗E → Q, then the associated morphism Φ gives an isomorph-
ism of sheaves Q  Φ∗OP(1) that identifies q and Φ∗τ . 
Fact 2.12 (Relatively ample hypersurfaces in P – Subsheaves of Sym E ). In Seing 2.10,
to give a relatively ample Cartier divisor H ∈ Div(P) of relative degree M ∈ N+, it is
equivalent to give an invertible subsheaf L ⊆ SymM E . e relation between subsheaves
and divisors is described as follows.
(2.12.1) Given a divisor H ∈ Div(P) of relative degree M ∈ N+, observe that there exists
an invertible L ∈ Pic(X ) such that π ∗L  OP(M) ⊗ IH ⊆ OP(M). Push-down
to X , in order to obtain the inclusion L ⊆ π∗OP(M) = SymM E .
(2.12.2) Given an invertible L ⊆ SymM E , then the following composed morphism of in-
vertibles on P is non-trivial:
π ∗L // π ∗ SymM E
SymM τ// OP(M),
e associated vanishing locus is a Cartier divisor H ⊆ P of relative degreeM . 
e constructions described in Fact 2.11 and 2.12 are of course related.
Fact 2.13 (Relation between Facts 2.11 and 2.12). In Seing 2.10, assume we are given
a diagram as in (2.11.1), with associated quotient q : φ∗E → Q, as well as a relatively
ample Cartier divisor H ∈ Div(P) of relative degree M ∈ N+, with associated subsheaf
L ⊆ SymM E . Abusing notation slightly, the symbol H will also be used to denote the
associated complete intersection subscheme of P. en, the morphism Φ factors via H ⊆ P
if and only if the following composed sheaf morphism vanishes identically:
φ∗L → φ∗ SymM E = Φ∗π ∗ SymM E → Φ∗OP(M)  Q⊗M . 
Part I. e Mordell theorem for integral points on orbifolds
3. Main results
is present section formulates the main results of Part I of this paper: orbifold ana-
logues of the classic theorems on boundedness and rigidity for algebraic points over func-
tion fields, as well as an orbifold version of the Mordell theorem. Proofs are given in
Sections 4–10 below.
3.1. Setup. To begin, we specify the setup that is used throughout Part I in some detail
and fix notation. e central seing is that of a surface pair (X ,D) fibred over a curve
S , where the fibration is assumed to be an snc morphism, away from a finite set ∆ of
exceptional points in S .
Seing 3.1 (Surface pair fibred over a curve). Let k be an algebraically closed field of
characteristic p ≥ 0. Let φ : X → S be a surjective morphism of smooth, projective
k-varieties, where X is of dimension two and S is of dimension one. Assume that φ has
connected fibres. Let D =
∑d
i=1 δi · Di be a Q-divisor on X such that (X ,D) is an snc C-
pair, and letmi ∈ N ∪ {∞} denote the C-multiplicities ofD. Finally, let S◦ ⊆ S be a dense
open set such that the restriction φ◦ := φ |X ◦ is an snc morphism for the pair (X ◦,D◦),
where X ◦ := f −1(S◦) and D◦ := D ∩X ◦. We denote the generic point of S by η and write
Xη for the generic fibre. Write ∆ := S \ S◦ and view ∆ as a reduced subscheme of S .
Notation 3.2. roughout the text, we consider index sets
log := {i : mi = ∞} fract := {i : mi < ∞}
wild := {i ∈ fract : p , 0 and p |mi } tame := fract \wild
and the associated reduced sub-divisors of suppD,
Dlog := ⌊D⌋, Dfract := supp{D}, Dwild :=
∑
i ∈wild
Di , and Dtame :=
∑
i ∈tame
Di .
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T
γ
X
D1
D2
ΣT
φ
S
∆1 ∆2
e figure shows a C-integral point in Seing 3.1, with a boundary divisor of the form D = 12 · (D1 +D2). e
set ∆ ⊂ S contains two points whereφ fails to be an snc morphism. In applications, the set ∆might also contain
points where φ is an snc morphism, but where γ fails to be a C curve.
Figure 3.1. C-integral points
Remark 3.3 (SNC morphism). e assumption that φ◦ is an snc morphism implies that the
induced morphism D◦ → S◦ is e´tale. In particular, every component ofD◦ is smooth over
Speck . e assumption also implies that there exists an exact sequence of logarithmic
differentials as follows:
(3.3.1) 0 // (φ◦)∗Ω1S◦
dφ◦ // Ω1X ◦
(
log⌈D◦⌉) // ωX ◦/S◦ (log⌈D◦⌉) // 0.
As pointed out in the introduction, we are mainly concerned with C-integral points.
ese are parameterised curves T → X that are not contained in suppD, that dominate
S , and that intersect the components Di of D locally with C-multiplicitymi or more, at
least away from the exceptional set ∆ ⊂ S . Figure 3.1 illustrates the somewhat technical
definition.
Definition 3.4 (C-integral points). In Seing 3.1, a C-integral point is a morphism γ :
T → X , where T is a smooth, projective k-curve satisfying the following conditions.
(3.4.1) e curve T dominates S . In particular, T ◦ := γ−1(X ◦) is not empty.
(3.4.2) e restriction γ ◦ : T ◦ → X ◦ is a C-curve for the pair (X ◦,D◦).
(3.4.3) e induced morphism γ : T → Image(γ ) is birational.
If the divisor D is empty, we refer to C-integral points simply as algebraic points.
Remark 3.5 (Discussion of C-integral points). Item (3.4.2) implies in particular that
ΣT := Image(γ ), which is a one-dimensional k-subvariety ofX , is not contained in suppD.
Item (3.4.3) implies that the pull-backmap of differentials, dγ : γ ∗Ω1
X
→ Ω1
T
is not the zero
map. e following diagrams summarise the objects and morphisms of Definition 3.4.
T
**
γ // ΣT ⊂ X
φ

S
and
T ◦
γ ◦ , C-curve for (X ◦ ,D◦) //
,,
X ◦
φ◦ snc for (X ◦ ,D◦)

S◦.
As in the classic seing, the two main invariants associated with C-integral points are
its height and its discriminant. e definitions below are identical to those found in the
literature. ey need no adjustment to work in the orbifold case.
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Definition 3.6 (Height and discriminant). In Seing 3.1, let B be any Q-divisor on X .
Given a C-integral point γ : T → X as in Definition 3.4, define the height hB (γ ) and the
discriminant δ (γ ) as
hB (γ ) := degγ
∗B
[T : S] and δ (γ ) :=
degωT
[T : S] .
If B is an invertible sheaf on X , we define hB(γ ) in the obvious fashion. We simply write
h(γ ) for the somewhat lengthy symbol hKX /S+D (γ ). In order to avoid awkward case-by-case
definition, we define hB(γ ) = 0 for all γ if B is the zero-sheaf.
3.2. Geometric height inequalities for C-integral points. e following geometric
height inequality for C-integral points is the main result of Part I in this paper.
eorem 3.7 (Geometric height inequalities for C-integral points). In Seing 3.1, assume
the following.
(3.7.1) e degree d := degXη (KX +D) is strictly positive.
(3.7.2) Sequence (3.3.1) does not split when restricted to the generic fibre Xη .
en, a height inequality of the following form holds for all C-integral points γ :
h(γ ) ≤ const+ · δ (γ ) +O
(√
h(γ )
)
.
eorem 3.7 is in fact a simple corollary of the following more precise result, which
generalises works of Vojta, Kim and others. A proof is given in Sections 4–7 below.
eorem 3.8 (Geometric height inequalities for C-integral points). In the seing of eo-
rem 3.7, assume that the characteristic p is zero, or that none of the finite C-multiplicities
is a multiple of p2. Write d ′ := d · lcm {mi |mi , ∞}. en, given any number ε ∈ Q+, a
height inequality of the following form holds for all C-integral points γ :
h(γ ) ≤ max{d ′, 2 + ε} · δ (γ ) +O
(√
h(γ )
)
.
3.2.1. Explanation of Assumption (3.7.2). In case where char(k) , 0 and D , 0, As-
sumption (3.7.2) can be interpreted in terms of the field of definition for the affine curve
Cη := (X \ suppD)η over Speck(η), as follows. e affine curve Cη is defined over
k(η)char(k) if and only if the exact sequence (3.3.1) splits, see [Vol91, Lem. 1]. In particular,
if X = S ×P1 and suppD is the union of sections, then the exact sequence (3.3.1) splits if
and only if the cross ratios of any 4 sections in D lie in k(η)char(k), see [KTV00, Sect. 7].
3.2.2. Necessity of Assumption (3.7.2). In case where char(k) , 0, set X := S × P1 and
let suppD be a union of graphs of inseparable morphisms S → P1, taken with C-
multiplicities that are less than the characteristic. e exact sequence (3.3.1) will then
split on Xη . In this case, no maer whether degXη (KX +D) is positive or not, the graph
of every inseparable morphism S → P1 is either contained in suppD, or is a C-integral
point. erefore, without Assumption (3.7.2), the height of a C-integral point cannot be
bounded in terms of the discriminant.
3.2.3. Improved height bounds in characteristic zero in case char(k) = 0. is paper is
mainly concerned with height bounds for C-integral points over fields of finite charac-
teristic. Still, we would like to remark that if char(k) = 0, then the height bound of
eorem 3.8 can easily be improved to
(3.9.1) h(γ ) ≤ (2+ ε) · δ (γ ) +O
(√
h(γ )
)
.
To keep the paper readable we chose to not discuss the characteristic at every single step
of the proof. Instead we refer the reader to Sections 4.4 and 7.1.1 where the improvements
in case char(k) = 0 are briefly explained.
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3.2.4. Sharpness of eorem 3.8 and relation to earlier results in case char(k) = 0. In the
classic seing where D = 0 and char(k) = 0, the height bound (3.9.1) is due to Vojta,
[Voj91, m. 0.2], and is known to be not optimal. Independent works by Mcillan and
Yamanoi that are specific to characteristic zero, [McQ13, Yam04], allow to replace the
constant 2 + ε by 1 + ε . is was previously conjectured by Vojta, see [Voj91, Conj. 0.1]
and the survey [Gas09]. If desired, the results of Mcillan and Yamanoi may be applied
to further improve eorem 3.8 in case where char(k) = 0.
3.2.5. Sharpness of eorem 3.8 and relation to earlier results in case char(k) , 0. e
situation in positive characteristic is in sharp contrast. In case whereD = 0 and char(k) ,
0, the height bound of eorem 3.8 is due to Kim, [Kim97, m. 1]. Voloch has shown by
way of example that one cannot hope for a beer constant than max{d , 2 + ε} without
further assumptions, [Kim97, p. 45–46]. Nevertheless, more stringent constraints on the
behaviour of the Kodaira-Spencer maps do yield beer bounds, see [Kim97, m. 2] and
[KTV00, Claim 2.2]. In the orbifold seing and in positive characteristic, it is presently
unclear to us if stronger assumptions on the Kodaira-Spencer of the pair (X ◦, ⌈D◦⌉)might
lead to a beer constant. We will return to the subject in Section 7.1.2.
It is conceivable that the assumption “none of the of the C-multiplicitiesmi is a mul-
tiple of p2” is not necessary and that a more general statement can be proven if one is
willing to replace the Artin-Schreier covers that we use in Section 5 by more complicated
Artin-Schreier-Wi covers, cf. Remark 5.4 on page 17. Since this paper is rather long
already and since eorem 3.8 suffices for our applications, we have chosen to avoid a
detailed analysis of the algebra and combinatorics involved and to leave this problem
until later.
3.3. Rigidity theorem for C-integral points. As a second step towards our Mordell-
type theorem for C-integral points, we show that C-integral points do not deform. e
following theorem makes this statement precise.
eorem 3.10 (Rigidity theorem for C-integral points). In Seing 3.1, assume the follow-
ing.
(3.10.1) e degree d := degXη (KX +D) is strictly positive.
(3.10.2) Sequence (3.3.1) does not split when restricted to the generic fibre Xη .
If T is any smooth, projective k-curve over S , if H is any k-variety and if γ : T ×H → X is
any family of S-morphisms whose individual members (γh : T → X )h∈H (k) are C-integral
points, then γ is constant.
Remark 3.11. e assumption that T is a k-curve over S means that T comes equipped
with a surjective morphism ζ : T → S . e assumption that γ is a family of S-morphisms
means that φ ◦ γh = ζ , for every h ∈ H (k). e conclusion, “γ is constant”, asserts that
γh1 = γh2 , for all h1, h2 ∈ H (k).
3.4. Mordell theorem for C-integral points. As a fairly immediate consequence of
height bounds and of rigidity, we obtain the following Mordell-type theorem, asserting
the finiteness of C-integral points.
eorem 3.12 (Mordell theorem for C-integral points). In Seing 3.1, assume the follow-
ing.
(3.12.1) e degree d := degXη (KX +D) is strictly positive.
(3.12.2) Sequence (3.3.1) does not split when restricted to the generic fibre Xη .
IfT is any smooth, projective k-curve over S , then the number of C-integral pointsγ : T → X
over S is finite.
eorem 3.12 will be shown in Section 10, starting from Page 35 below.
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3.4.1. Necessity of Assumption (3.12.2). ediscussion in Section 3.2.2 shows that without
Assumption (3.12.2), finiteness of C-integral points does not hold in general.
3.4.2. Earlier results. In the classic situation, where D = 0, eorem 3.12 was proven
in characteristic zero by Grauert and Manin independently, [Man63, Gra65]. In positive
characteristic, but still in the classic situation, the eorem is due to Samuel [Sam66a,
Sam66b]. An alternative approach in characteristic zero was laid down by Parshin in
[Par68], and was later generalised to arbitrary characteristic by Szpiro [Szp81, Sect. 8,
Cor. 1]. In positive characteristic, there is yet another approach due to Voloch [Vol91].
For orbifolds in characteristic zero, eorem 3.12 is due to Campana [Cam05, m. 3.8].
To the best of our knowledge, eorem 3.12 is new for orbifolds in positive characteristic.
4. Geometric height bounds in a generalised logarithmic setting
eorem 4.2 below is the technical core of Part I of this paper. It generalises the height
bounds found by Kim, [Kim97] and will be used Section 7 to prove the height inequalities
that were promised in Section 3.2 above. More specifically, we establish height bounds for
C-integral points on (X ,D) by applying the following eorem 4.2 to a suitable adapted
cover of X and taking the sheaf of “adapted differentials” forA . For clarity of exposition,
we specify our precise seing first.
Seing 4.1. In Seing 3.1, assume that the divisor D is reduced. In other words, assume
that all coefficients δi are equal to 1. Also, assume that there exists a sequence of inclu-
sions φ∗Ω1S ( A ⊆ Ω1X (logD) where A is locally free of rank two and where A
/
φ∗Ω1S
is invertible over X ◦. Seing B :=
(
A
/
φ∗Ω1S
)∗∗
, we obtain a complex of sheaves on X ,
φ∗Ω1S
  dφ // A // B,
and an exact sequence of locally free sheaves on X ◦,
(4.1.1) 0 // (φ◦)∗Ω1S◦
dφ◦ // A |X ◦ // B |X ◦ // 0.
We follow the notation introduced in Definition 3.4 concerning C-integral points γ : T →
X and write dγA for the composed morphism,
γ ∗A → γ ∗Ω1X (logD)
dγ−−→ ωT
(
log(γ ∗D)red
)
.
eorem 4.2 (Height bounds for subsheaves of ωX /S ). In Seing 4.1, assume that the
degree d := degXη B is positive and that Sequence (4.1.1) does not split when restricted to
Xη . en, given any number ε ∈ Q+, a height inequality of the following form will hold for
all C-integral points γ : T → X ,
(4.2.1) hB(γ ) ≤ max{d , 2 + ε} ·
degT ImagedγA
[T : S] +O
(√
hB(γ )
)
.
Notation 4.3 (Simplification). To avoid overly verbose notation, we write ωT (logγ ∗D)
instead of the more correct ωT
(
log(γ ∗D)red
)
throughout the rest of the present Section 4.
Remark 4.4 (Relation toeorem 3.8). Nomaer what sheafA is chosen, the assumption
that γ ◦ is a C-curve, as spelled out in (3.4.2), implies that suppγ ∗D lies over ∆ = S \ S◦.
In particular, degT (γ ∗D)red ≤ [T : S] · #∆ and
degT ImagedγA
[T : S] ≤
degT ωT (logγ ∗D)
[T : S] ≤ δ (γ ) + #∆
eorem 4.2 therefore implies eorem 3.8 in the special case where D is reduced.
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Remark 4.5 (Relation to results in the literature). In the special case where D = 0 and
A = Ω1
X
,eorem 4.2 replaces the number degT ωT which appears in Kim’s work [Kim97,
ms. 1 and 2] by degT Image(dγA ), which gets smaller in comparison to degT ωT the
more singular the curve ΣT is. is improvement will be of critical importance for our
applications. In fact, the whole proof of eorem 3.8 hinges on this observation.
e proof of eorem 4.2 follows ideas of [Kim97, Kim00] and extends them to our
generalised seing. We present a detailed and self-contained proof in the rest of Section 4.
4.1. Preparation for the proof: elementary fact. e proof of eorem 4.2 makes
use of the following simple fact more than once. For clarity, we found it worthwhile to
formulate a precise lemma.
Lemma 4.6. Let k be an algebraically closed field. Letψ : Z → B be a surjective morphism
of smooth, projective k-varieties, where Z is of dimension two, and B of dimension one. As-
sume that ψ has connected fibres. If A is locally free of rank two on Z and if 0 ( F ( A
is saturated and invertible with quotient Q := A
/
F , then there exists an invertible sheaf
G ⊆ Q such that supp Q
/
G does not dominate B.
Proof. e quotient Q is torsion free and of rank one, but need not be locally free. How-
ever, since Z is regular, its reflexive hull Q∗∗ will be invertible. More precisely, there
exists a finite subscheme A ( Z such that the natural inclusion Q ֒→ Q∗∗ identifies Q
with JA ⊗ Q∗∗. Consider the image B := ψ (A), equipped with its natural structure as a
reduced subscheme of B. If N ≫ 0, then J ⊗N
ψ −1(B) ( JA, and we obtain the following
chain of inclusions which finishes the proof:
G :=J ⊗N
ψ −1(B) ⊗ Q∗∗ ( Q ⊆ Q∗∗. 
Observation 4.7. If, in the seing of Lemma 4.6, we denote the generic fibre of ψ by Zη ,
then we have an isomorphism G |Zη  Q |Zη . 
Observation 4.8. If, in the situation of Lemma 4.6,γ : T → Z is amorphism from a smooth,
projective k-curve T such that the induced mapT → B is dominant, if L ∈ Pic(T ) and if
ρ : γ ∗A → L is any non-trivial morphism such that the composition γ ∗F → γ ∗A →
L vanishes, then there exists a non-trivial morphism γ ∗G → Image(ρ) and we obtain a
diagram as follows.
γ ∗F

composition vanishes
by assumption
$$
γ ∗A
ρ //

Image(ρ) ⊆ L
γ ∗G
generically an isomorphism
since ψ ◦ γ is dominant
// γ ∗Q
map exists
::

4.2. Preparation for the proof: height bounds for curves tangent to a foliation.
To prepare for the proof of eorem 4.2, we will first prove a height bound for C-integral
points γ that are tangent to a given foliation, or which satisfy a “Pfaffian equation” in
the language of [Kim97]. While such bounds are easy to obtain in characteristic zero,
where tangent curves always form a bounded family, the proof below is somewhat more
involved. e following observation will be used.
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Observation 4.9. In the seing of eorem 4.2, assume that k is algebraically closed. If
γ : T → X is a point, then dγA can vanish identically, but only if the image curve γ (T ) is
contained in the support of Ω1X (logD)/A . In particular, there are at most finitely many
points γ where dγA = 0, up to reparametrisation of the morphism γ : T → X . So, there
exists a number const1 ∈ R such that hB(γ ) ≤ const1 for all C-integral points γ with
dγA = 0. 
Notation 4.10 (Foliation). Let us adopt the seing of eorem 4.2. By an A -foliation on
X , we mean a saturated, invertible subsheaf F ⊆ A . A C-integral point γ is said to be
tangent to the A -foliation F if the following composed map dγF vanishes identically:
γ ∗F → γ ∗A dγA−−−→ ωT (logγ ∗D).
Proposition 4.11 (Height bound for curves tangent to foliation, compare [Kim97, p. 53]).
If, in the seing of eorem 4.2, F ⊆ A is an A -foliation on X , then a height inequality of
the following form will hold for all C-integral points γ : T → X that are tangent to F :
hB(γ ) ≤ d ·
degT ImagedγA
[T : S] +O
(√
hB(γ )
)
.
Proof. e generic fibre Xη is a smooth k(η)-curve Xη , the sheaf A |Xη is a vector bundle
on that curve, and the sequence on the right of (4.1.1) presents A |Xη as an extension of
the trivial line bundle φ∗Ω1S◦ |Xη  OXη and the ample line bundle B |Xη . is extension
is not split by assumption. erefore any invertible quotient of A |Xη will be of positive
degree.
To apply this observation, consider the cokernel Q := A
/
F . Let G ⊆ Q be the
invertible subsheaf given by Lemma 4.6. We have G |Xη = Q |Xη by Observation 4.7.
erefore the sheaf G |Xη is an invertible quotient of A |Xη , so that degXη G > 0. Ne´ron’s
theorem, [Ser89, m. 2.11], now yields the following inequality for all γ :
(4.11.1) hB(γ ) ≤ (degXη G )︸      ︷︷      ︸
>0
·hB(γ ) +O(1)
Ne´ron≤ (degXη B)︸      ︷︷      ︸
=d
·hG (γ )+O
(√
hB(γ )
)
.
To end the proof, Observation 4.9 implies that it suffices to establish the inequality
degT γ
∗G ≤ degT Image(dγA ) for all γ whose associated morphism dγA does not van-
ish identically. is, however, follows because Observation 4.8 yields the existence of a
non-trivial morphism γ ∗G → Image(dγA ) ⊆ ωT (logγ ∗D). 
4.3. Proof of eorem 4.2. In this paragraph we adopt the seing of eorem 4.2 and
the notation introduced in Section 4.2 above, and we assume that a number ε ∈ Q+ is
given. Let nε be the smallest positive integer such that nε · ε is integral. For the reader’s
convenience, we subdivided the proof of eorem 4.2 into a number of relatively inde-
pendent steps.
Step 1, the projectivisation of A . Continuing along the ideas of Grauert, Vojta and
Kim, [Gra65, Voj91, Kim97], we consider the projectivisation P := PX (A ) together with
the natural projection morphism π : P → X and the standard “Euler sequence”
(4.12.1) 0 → Ω1
P/X (1) → π ∗A
τ−→ OP(1) → 0.
If γ : T → X is a C-integral point, the image of the morphism dγA is torsion free, hence
either zero or invertible. If non-zero, we have seen in Fact 2.11 that it defines a liing to
P, which will always be denoted by Γ,
T
Γ
))
γ
// X P
π
oo
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e liing has the property that Γ∗τ  dγA , where τ is the morphism that appears in the
Euler sequence (4.12.1) above. In particular, the following holds.
(4.12.2) We have Γ∗OP(1)  Image(dγA ) ⊆ ωT (logγ ∗D).
(4.12.3) e composition Γ∗Ω1
P/X (1) → Γ∗π ∗A = γ ∗A
dγA−−−→ ωT (logγ ∗D) vanishes.
Step 2, symmetric differentials, degenerate and nondegenerate points. Next, we
adapt some of the arguments from [Kim97, Sect. 3] to our seing.
Claim 4.13. Ifm is a sufficiently large positive integer, then there exist an ample invertible
sheaf Hm ∈ Pic(S) and a non-trivial morphism
σ : φ∗(H ∨m ) ⊗ B⊗mnε → Sym(2+ε )·mnε A .
Proof of Claim 4.13. Writing Homm := Hom
(
B⊗mnε , Sym(2+ε )·mnε A
)
, it suffices to
show that the push-forward sheaf φ∗Homm is not the zero sheaf, for sufficiently largem.
Choose a closed point s ∈ S◦ with fibre Xs . Standard computations show that
rankHomm = (2 + ε) ·mnε + 1
degHomm |Xs =
(2+ε )·mnε∑
i=0
(i −mnε ) · d = const+ ·m2 + (lower order terms inm)
By Riemann-Roch, the holomorphic Euler characteristic ofHomm |Xs grows quadratically
inm:
χ(Homm |Xs ) = degHomm |Xs +
(
1 −д(Xs )
) · rankHomm |Xs
= const+ ·m2 + (lower order terms inm).
It follows that the vector bundles Homm |Xs have sections when m is sufficiently large
and hence that φ∗Homm is indeed non-zero.  (Claim 4.13)
We fix a positive integer number m, an ample line bundle H ∈ Pic(S) and a non-
trivial morphism σ : φ∗(H ∨m ) ⊗ B⊗mnε → Sym(2+ε )·mnε A , and maintain this choice for
the remainder of the present proof. For brevity of notation, write
M :=mnε and L := φ
∗(H ∨m ) ⊗ B⊗M .
e sheaf morphism σ identifies L with a subsheaf of Sym(2+ε )M A . As we have seen in
Fact 2.12, this defines a divisor H ∈ Div(P).
Notation 4.14 (Degenerate points). Let γ be a C-integral point with dγA , 0. Following
Kim, we call γ degenerate with respect to σ if Γ factors via suppH . If Y ⊆ suppH is an
irreducible component, we say that γ is degenerate with respect to Y if Γ factors via Y .
Letγ : T → X be a C-integral point withdγA , 0. Fact 2.13 asserts thatγ is degenerate
with respect to σ if and only if the composed map
γ ∗L
γ ∗σ−−−→ γ ∗ Sym(2+ε )M A Sym
(2+ε )M dγA−−−−−−−−−−−→ ωT (logγ ∗D)⊗(2+ε )M
vanishes identically. Nondegenerate points therefore satisfy the following height bound,
which allows us to concentrate on degenerate points for the remainder of the proof.
Observation 4.15. If a C-integral point γ : T → X is nondegenerate with respect to σ ,
then
hB(γ ) ≤ (2 + ε) ·
deg ImagedγA
[T : S] +
(2 + ε)M + 1
M
· degS Hm .  (Observation 4.15)
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Step 3, height bounds for degenerate points – setup and simplifications. Since the
divisor H ∈ Div(P) has only finitely many components, it suffices to prove our height
bounds for algebraic points that are degenerate with respect to any one given irreducible
component Y ⊆ suppH . We fix one component Y for the remainder of the proof. If
π (Y ) is a proper subset of X , then there are (up to reparametrisation) at most finitely C-
integral points that are degenerate with respect to Y , and there is nothing to prove. We
will therefore assume the following.
Assumption w.l.o.g. 4.16. e component Y dominates X .
To set the stage for the next steps in the proof, we use resolution of singularities in
dimension two, [Lip78], in order to find k-smooth varieties Y˜ , Ŷ , Ŝ and a diagram,
Y
π |Y

Y˜
ρ , desingularisation
//
α , generically finite,
isomorphism or purely inseparable
// Ŷ
β , generically finite, separable
//
φ̂ , connected fibres

X
φ , connected fibres

Ŝ
finite
// S ,
where supp β∗D ( Ŷ and suppα∗β∗D ( Y˜ are strict normal crossings divisors.
Notation 4.17. Write η̂ for the generic point of Ŝ and Ŷη̂ for the generic fibre.
Observation and Notation 4.18. If γ is degenerate with respect to Y and if Γ(T ) is not
contained in the set of fundamental points of the birational map ρ−1, then the morphism
Γ factorises via Y˜ . In other words, there exist morphisms Γ˜, Γ̂ that make the following
diagram commute:
T
Γ˜

T
Γ̂

T
γ

T
Γ

Y˜
α //
ρ
33Ŷ
β // X Y .
πoo
We say these points are liable to Y˜ , or li to Y˜ .
e fundamental points of ρ−1 form a proper subset of Y that does not dominate X . In
particular, there are (up to reparametrisation) at most finitely many C-integral points γ
that are degenerate with respect to Y , but do not li to Y˜ . is yields the following claim,
which allows us to concentrate on liable curves for the remainder of the proof.
Claim 4.19. An inequality of the form hB(γ ) ≤ O(1) holds for all C-integral points γ that
are degenerate with respect to Y but do not li to Y˜ .  (Claim 4.19)
Step 4, height bounds for degenerate points – generalised foliation. Wewill see in
this step that the surface Ŷ carries a generalised foliation, to which almost all liings Γ̂ are
tangent. e arguments are similar in spirit to those of Section 4.2 above. e existence
of the foliation comes out of the following claim.
Claim 4.20. ere exists a saturated, invertible sheaf F̂ ( β∗A such that the composed
map
(4.20.1) Γ̂∗F̂ → Γ̂∗β∗A = γ ∗A dγA−−−→ ωT (logγ ∗D)
vanishes, up to reparametrisation for almost allY -degenerate C-integral points γ that are
liable to Y˜ .
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Proof of Claim 4.20. e construction depends on the question whether the restricted
morphism π |Y : Y → X is separable or not.
Construction in case where π |Y is separable. If π |Y is separable and α is therefore an iso-
morphism, the discussion of the Euler sequence (Item (4.12.3) on page 13) allows one to
choose F̂ as the saturation of F̂ ′ inside β∗A , where
F̂ ′ := Image
((α−1)∗ρ∗ (Ω1
P/X (1)|Y
) → (α−1)∗ρ∗π ∗A ) ⊆ β∗A .
As a reflexive sheaf of rank one on a regular, two-dimensional scheme, F̂ will then be
invertible, as required.
Construction in case where π |Y is inseparable. In this case, we follow [Kim00] and recall
that the natural morphism Ω1
Ŷ
→ α∗Ω1
Y˜
has a non-trivial kernel: it suffices to check
this at the generic points of Ŷ and Y˜ , where this is a well-known property of Ka¨hler
differentials for inseparable field extensions, cf. [Liu02, Sect. 6.1, Exerc. 1.6]. e same
statement therefore holds for the associated morphism of logarithmic differentials. To be
more precise, we use separability of β to consider the inclusions
β∗A 
 // β∗Ω1X (logD) 
 dβ // Ω1
Ŷ
(
log(β∗D)red
)
,
and use these to view β∗A as a subsheaf of Ω1
Ŷ
(
log(β∗D)red
)
. en, we choose an invert-
ible subsheaf
F̂ ′ ⊆ ker
(
Ω
1
Ŷ
(
log(β∗D)red
) → α∗Ω1
Y˜
(
log(α∗β∗D)red
)) ∩ β∗A
and let F̂ again be the saturation of F̂ ′ inside β∗A . Since Γ̂ factors via Γ˜, it is clear that
the composedmap Γ̂∗F̂ ′ → ωT (logγ ∗D) vanishes. It is then clear that the composedmap
(4.20.1) vanishes, except perhaps if Γ̂(T ) is contained in the support of F̂
/
F̂ ′. ere are,
however, up to reparametrisation only finitely many C-integral points with that property.
 (Claim 4.20)
For the remainder of the proof, we choose one saturated, invertible sheaf F̂ ( β∗A
as given by Claim 4.20. Consider the quotient Q̂ := β
∗A
/
F̂ , apply Lemma 4.6 to the
morphism φ̂ and let Ĝ ⊆ Q̂ be one of the invertible sheaves given by that lemma. Follow-
ing [Kim97, Sect. 4], we will now prove the desired height bound under the assumption
that a certain numerical inequality holds.
Claim 4.21. If (2+ ε) · degŶη̂ Ĝ ≥ degŶη̂ β
∗B, then a height inequality of the form (4.2.1)
holds for all C-integral points γ that are degenerate with respect to Y .
Proof of Claim 4.21. In view of Claim 4.19, we are interested in C-integral points γ that
are degenerate with respect to Y and liable to Y˜ . For all such γ , Ne´ron’s theorem yields
the inequalities
hB(γ ) = 1[Ŝ : S]
·hβ ∗B(Γ̂)
Ne´ron≤ 1
[Ŝ : S]
·
degŶη̂
β∗B
deg
Ŷη̂
Ĝ
·h
Ĝ
(Γ̂)+O
(√
hβ ∗B(Γ̂)
)
≤ 1
[Ŝ : S]
· (2+ ε) ·h
Ĝ
(Γ̂)+O (√hB(γ )) .
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But then, Claim 4.20 asserts that the composedmap (4.20.1) vanishes, up to reparametrisa-
tion for all but finitely many C-integral points γ . is in turn implies by Observation 4.8
that these γ satisfy
1
[Ŝ : S]
·h
Ĝ
(Γ̂) ≤ 1
[Ŝ : S]
· degT ImagedγA
[T : Ŝ]
=
degT ImagedγA
[T : S] .
Hence the claim.  (Claim 4.21)
Step 5, height bounds for degenerate points – end of proof. Claim 4.21 finishes the
proof of eorem 4.2 in one special case. We will therefore assume for the remainder of
the proof that the assumption of Claim 4.21 does not hold.
Assumption w.l.o.g. 4.22. We have (2 + ε) · degŶη̂ Ĝ < degŶη̂ β
∗B.
A short computation using Assumption 4.22 shows that β∗A |Y˜η′ is slope-unstable. e
fact that β is separable immediately implies that the morphism Y˜η̂ → Xη is separable, too.
In particular, [Miy87, Prop. 3.2] implies that the sheaf A |Xη is slope-unstable. In other
words, there exists a saturated (hence reflexive, hence invertible) subsheaf F ⊆ A such
that
(4.22.1) degXη F >
1
2
· degXη A =
1
2
· degXη B.
Recalling from Proposition 4.11 that a height bound has already been established for all
points γ tangent to the A -foliation F , it remains to consider those points γ for which
the associated morphism
γ ∗F → γ ∗A dγA−−−→ ωT (logγ ∗D)
does not vanish identically, so that [T : S] · hF (γ ) ≤ degT ImagedγA . But then again
Ne´ron’s theorem and Inequality (4.22.1) give a height inequality of the form
hB(•)
Ne´ron≤ 2 · hF (•)+O
(√
hB(•)
)
.
is finishes the proof of eorem 4.2. 
4.4. Improved height bounds in characteristic zero. If char(k) = 0, then Jounaolou’s
theorem implies that family of curves on X with general member irreducible and with
every member tangent to a given foliation is always bounded, [Jou78, Ghy00]. As a result,
we may replace the complicated height estimate of Proposition 4.11 by the much stronger
estimate hB(γ ) ≤ O(1). With this improvement, the proof of eorem 4.2, which uses
Proposition 4.11 only in its last step, goes through without many changes, and allows us
to replace Inequality (4.2.1) of eorem 4.2 by the stronger bound
(4.22.2) hB(γ ) ≤ (2 + ε) ·
degT ImagedγA
[T : S] +O
(√
hB(γ )
)
.
5. Covering constructions
Following ideas that originate from the work of Campana [Cam11] and Campana-
Pa˘un, [CP15], we show eorem 3.8 by passing to a strongly adapted cover. For varieties
over C, adapted covers are discussed in Campana’s work, but also in the survey article
[CKT16] or [JK11, Sect. 2.4]. In the present setup, where the characteristic might be posi-
tive, more care needs to be taken. e following claim summarises the relevant properties.
Proposition 5.1 (Existence of a strongly adapted cover). In Seing 3.1, assume that the
characteristic p := char(k) is either zero, or else that none of the of the C-multiplicitiesmi
is a multiple of p2. en, there exists a smooth, projective k-variety X̂ , a generically finite
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and separable cover c : X̂ → X and a dense open set S◦◦ ⊆ S◦ with preimages qX ◦◦ ⊆ qX and
X̂ ◦◦ ⊆ X̂ forming a commutative diagram as follows,
X̂
ĉ , genl. finite, separable
//
c
++
φ̂ , conn. fibres
))qX
qc , genl. finite, separable
// X
φ , conn. fibres
// S
X̂ ◦◦
?
OO
ĉ◦◦, finite
Galois with group Ĝ //
c◦◦
33
φ̂◦◦ , conn. fibres
44qX ◦◦
qc◦◦, finite
Galois with group qG //
?
OO
X ◦◦
φ◦◦ , conn. fibres //?

OO
S◦◦,
?
OO
such that the following holds.
(5.1.1) We have [X̂ ◦◦ : X ◦◦] = lcm {mi |mi , ∞}.
(5.1.2) If p = 0, then X̂ = qX , and the morphisms ĉ and ĉ◦◦ are the identity morphisms. If
on the other hand p > 0, then deg ĉ = p, and degqc is coprime to p.
(5.1.3) e morphism φ̂◦◦ is snc for the pair
(
X̂ ◦◦, (c∗D)red |X̂ ◦◦
)
.
(5.1.4) If R̂◦◦ ⊂ X̂ ◦◦ is an irreducible component of the ramification divisor for c◦◦, then
R̂◦◦ is either contained in supp(c∗D)red |X̂ ◦◦ , or disjoint from that support.
(5.1.5) If i is any index for whichmi < ∞, then all irreducible components of (c◦◦)∗Di have
multiplicity equal tomi .
(5.1.6) If i is any index with mi = ∞, then all irreducible components of (c◦◦)∗Di have
multiplicity one.
Remark 5.2 (Smoothness). Item (5.1.3) implies that X̂ ◦◦ is smooth over Speck , that the
components of (c∗D)red |X̂ ◦◦ are smooth, and that no two of them intersect.
Remark 5.3 (Strongly adapted covers). In the language of earlier papers, Items (5.1.5) and
(5.1.6) are summarised by saying that the morphism c◦◦ is strongly adapted with respect
to (X ◦◦,D |X ◦◦ ), see for instance [CKT16, Sect. 2.6].
Remark 5.4 (Optimality and generalisations). It is conceivable that the assumption “none
of the of the C-multiplicitiesmi is a multiple of p2” of Proposition 5.1 is not necessary and
that a more general statement can be proven if one is willing to replace the Artin-Schreier
covers (that we discuss below) by Artin-Schreier-Wi covers, and to prove an analogue
of Proposition 5.7 in this more complicated context.
5.1. Notation. e setup of Proposition 5.1 will be maintained throughout Sections 6
and Section 7, and the following notation will be used.
Notation 5.5 (Strict transforms, restriction of divisors to open sets). Seing as in Propos-
ition 5.1. If H ∈ Div(X ) is any reduced divisor, let Ĥ ∈ Div(X̂ ) be the largest divisor in
(c∗H )red with the property that every component Ĥ ′ of Ĥ is generically finite over the
image component of H . By minor abuse of notation, we refer to Ĥ as the strict transform.
Dio for qH . Restrictions of divisors A ∈ Q Div(X ) to the open set X ◦◦ will as always be
denoted by A◦◦, dio for divisors on qX and X̂ . Since no confusion is likely to arise, we
abuse Notation 5.5 slightly, by writing D̂◦◦
fract
instead of the more correct, but somewhat
clumsy Dfract◦◦. Dio for other divisors, and dio for divisors on qX ◦◦.
5.2. Artin–Schreier covers. e proof of Proposition 5.1 uses Artin–Schreier covers
which we briefly recall here.
Construction 5.6 (Artin-Schreier cover). Let K be a field of positive characteristic p, not
necessarily perfect or algebraically closed. Let C be a proper, smooth curve over K and
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let f ∈ K(C) be a non-constant rational function on C which is regular on U ( C and
has poles along D = C \U . Assume that f is not of the form дp − д for some д ∈ K(C).
Consider the following curve over U :
AU =
{(c ,y) ∈ U ×A1K yp −y = f }.
e classic theory of Artin-Schreier coverings (see [Lan02, Chapt. VI, m. 6.4]) says that
AU is irreducible, and the projection AU → U has degree p, is Galois and e´tale. To wit,
identifying Fp with the prime field of K , the group (Fp ,+) acts on AU by
n : (c ,y) 7→ (c ,y +n).
enAU → U extends to a cyclic degreep coverA→ C , whereA is the normal, proper
K-curve constructed as follows: take the Zariski closure ofAU inC ×A1K , and normalise.
Proposition 5.7. In the seing of Construction 5.6, assume that the following holds.
(5.7.1) All reduced, irreducible components of D are e´tale over SpecK .
(5.7.2) e pole orders of f along the components of D are prime to p.
en, the following will hold.
(5.7.3) e curve A is smooth over K .
(5.7.4) e morphism γ is e´tale over U and totally (wildly) ramified over D.
Remark 5.8. is result is well-known if K is perfect, but caution is advised when K is
imperfect (and normality does not necessarily imply geometric normality).
Proof of Proposition 5.7. Since the problem at hand is local on C , we may assume that D
consists of a unique closed point c , with residue field κ(c) separable over K .
Let a be a point of A lying over c and view y as a rational function on A. en, y has
a pole at a. Writing multc and multa for the valuations induced by c and a on K(C) and
K(A), respectively, we find that
pmulta(y) = multa(yp ) = multa(yp −y) = multa(f ) = ea/c multc (f )
where ea/c denotes the ramification index of the extension OC ,c ⊆ OA,a . Since multc (f )
is prime to p by assumption, we have p | ea/c . Since
ea/c ≤ deg(A→ C) = p,
we obtain that ea/c = p. It follows that a is the only point of A lying over c and that
OC ,c ⊆ OA,a is a totally ramified extension of discrete valuation rings. is proves (5.7.4).
For (5.7.3), it remains to prove that A is smooth over K at the closed point a. Indeed,
AU → U is e´tale and U is smooth over K , so the only remaining point is a. Recall from
[Sta18, Tag 038S] that it is sufficient to check that if L/K is a purely inseparable field
extension, thenAL is regular at aL . Since the field extension κ(c)/K is separable, we know
that OC ,c ⊗K L is again a discrete valuation ring and the extension OC ,c ⊆ OC ,c ⊗K L is
weakly unramified [Sta18, Tag 0EXQ]. It then follows from [Sta18, Tag 09ER] that
OA,a ⊗K L = OA,a ⊗OC ,c (OC ,c ⊗K L)
is again a discrete valuation ring, which is what we wanted to prove. 
5.3. Proof of Proposition 5.1. Assuming Seing 3.1, we will first prove Proposition 5.1
in two special cases.
Case 1: Either p = 0, or p > 0 and for every i ∈ fract, the integermi is coprime to p.
Case 2: We have p > 0 and for every index i ∈ fract, the integermi equals p.
e conjunction of these cases will then yield the general statement.
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Step 1: Proof of Proposition 5.1 in Case 1. Write N := lcm {mi |mi , ∞} and choose
an ample prime divisor H ∈ Div(X ), not contained in suppD, such that the divisor H +D
has snc support, and such that there exists an invertible L ∈ Pic(X ) with
L ⊗N  OX
(
H +
∑
i ∈fract
N
mi
·Di
)
.
Let c ′ : X̂ ′ → X be the covering obtained by taking the N th root out of B, as summarised
in [Vie95, Sect. 2.1, Lem. 2.3]. Let X̂ be a desingularisation of X̂ ′, which exists because X̂ ′
has dimension two. Set qX := X̂ , and let ĉ be the identity morphism. Property (5.1.1) will
then hold by construction and Property (5.1.2) holds trivially. Moreover, properties (5.1.5)
and (5.1.6) hold by [Vie95, Sect. 2.1, Lem. 2.3(e)].
If s ∈ S is a general closed point with scheme-theoretic fibres Xs , X̂ ′s and X̂s , then the
covering c ′s : X̂ ′s → Xs is the covering obtained by taking the N th root out of B |Xs . In
particular, X̂ ′s and X̂s are irreducible by [Vie95, Sect. 2.1, Lem. 2.3.d], and they are normal
curves, hence smooth over Speck because k is perfect. In particular, there is a dense open
subset of S◦ over which φ̂ is smooth. If the characteristic of k is finite, then N is coprime
to the characteristic by assumption. In particular, the morphism c is separable, and so is
its restriction to any subvariety of X̂ ◦◦. In particular, there is a dense open S◦◦ ⊆ S◦ over
which φ̂ is an snc morphism – choosing S◦◦ in this way ensures that Property (5.1.3) will
hold. Shrinking S◦◦ further if needed, we can also arrange for Property (5.1.4) to hold,
thereby finishing the proof in this case.
Step 2: Proof of Proposition 5.1 in Case 2. Write K := k(S) for the function field
of S . e generic fibre Xη is then a K-smooth, projective K-curve. Choose a rational
function f ∈ K(Xη) that has poles along (Di )i ∈fract of order prime to p, and no other
poles elsewhere. e existence of such a function is a straightforward consequence of the
Riemann–Roch theorem. Construction 5.6 will then give a cover X̂η → Xη . Choosing a
suitable model, we obtain a diagram as in Proposition 5.1. Proposition 5.7 guarantees that
Properties (5.1.1) – (5.1.6) all hold. is finishes the proof of Proposition 5.1 in Case 2.
Step 3: Conjunction of Cases 1 and 2. If p = 0, then we are in Case 1 and the proof
is finished. So, assume p > 0. In this case, we combine the constructions done in Case 1
(taking the N th root out of a section) and Case 2 (using Artin–Schreier theory) as follows.
We start by running the construction from Case 1 on the C-pair (X ,D ′), where
D ′ :=
∑
i ∈fract
m′i − 1
m′i
·Di +Dlog and m′i :=
{
∞ ifmi = p
prime-to-p-part ofmi otherwise.
We denote the morphism obtained by qc : qX → X . Next, use Notation 5.5 to write
qD ′ :=
∑
i ∈fract
m′′i − 1
m′′i
· qDi + qDlog and m′′i :=
{
∞ if p ∤mi
p otherwise.
and observe that the C-pair (qX , qD ′) together with the morphism qφ := φ ◦ qc reproduces
all assumptions made in Seing 3.1, perhaps aer shrinking S◦. is allows to run the
construction from Case 2 for the C-pair (qX , qD ′), in order to obtain a morphism ĉ : X̂ → qX .
Choosing S◦◦ sufficiently small, it is now clear from the discussion of Cases 1 and 2 above
that Properties (5.1.1)–(5.1.6) all hold, finishing the proof of Proposition 5.1. 
6. The sheaf of adapted differentials
6.1. Construction. We maintain the seing and assumptions of Proposition 5.1 in this
section. Following ideas of Campana, we will consider a sheaf on X̂ ◦◦ called sheaf of
adapted differentials, and wrien as Ω̂1X ◦◦ (log D̂◦◦log). In characteristic zero, this sheaf is
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introduced and discussed at great length in [CKT16, Sect. 3], though the definition given
there looks a lile different from ours. On a technical level, the sheaf of adapted differ-
entials is defined as follows.
Definition 6.1. Maintaining the seing of Proposition 5.1, we define the sheaf of adapted
differentials as
(6.1.1) Ω̂1X ◦◦(log D̂◦◦log) :=
(
J
D̂◦◦
fract
⊗ (c◦◦)∗Ω1X
(
log⌈D⌉)) + (φ̂◦◦)∗Ω1
Ŝ◦◦
,
where the sum is the sum of subsheaves in (c◦◦)∗Ω1
X
(
log⌈D⌉) . Its dual is called sheaf of
adapted tangents and will be denoted by T̂X ◦◦ (− log D̂◦◦log).
6.2. Main properties. e following three propositions summarise the main properties
of Ω̂1
X ◦◦(log D̂◦◦log) that will be relevant in the sequel. While Proposition 6.2 and 6.3 are
rather elementary, the proof of Proposition 6.6 requires some effort and is not nearly as
straightforward as one might wish.
Proposition 6.2 (Containment in Ω1
X̂ ◦◦
(
logD◦◦
log
)
). Maintaining the seing of Propos-
ition 5.1 and the notation introduced in this section, Ω̂1X ◦◦ (log D̂◦◦log) is a subsheaf of
Ω
1
X̂ ◦◦
(
log D̂◦◦
log
)
. More precisely, there exists a commutative diagram of injective sheaf morph-
isms,
Ω̂
1
X ◦◦ (log D̂◦◦log)
ι◦◦1 //
..
(c◦◦)∗Ω1
X
(
log⌈D⌉) ι◦◦2 // Ω1
X̂ ◦◦
(
log(c∗D)red
)
Ω
1
X̂ ◦◦
(
log D̂◦◦
log
)
,
ι◦◦3
OO
where ι◦◦1 and ι
◦◦
3 are the obvious inclusions, and where ι
◦◦
2 is the standard pull-back map for
logarithmic differential forms.
Proof. e restriction of ι◦◦2 ◦ ι◦◦1 to each of the two summands in (6.1.1) factorises via
ι◦◦3 . 
Proposition 6.3 (otient by (φ̂◦◦)∗Ω1
S
). Maintaining the seing of Proposition 5.1 and
the notation introduced in this section, the sheaf Ω̂1X ◦◦ (log D̂◦◦log) contains (φ̂◦◦)∗Ω1S , and the
quotient is isomorphic to J
D̂◦◦
fract
⊗ (c◦◦)∗ωX /S (log⌈D⌉). In particular, Ω̂1X ◦◦ (log D̂◦◦log) is an
extension of two locally frees, hence locally free.
Proof. Immediate from (6.1.1). 
Notation 6.4 (Sequence of relative adapted differentials). We refer to the quotient sequence
(6.4.1) 0 → (φ̂◦◦)∗Ω1S → Ω̂1X ◦◦(log D̂◦◦log) → JD̂◦◦
fract
⊗ (c◦◦)∗ωX /S (log⌈D⌉) → 0
as the sequence of relative adapted differentials.
Remark 6.5. Items (5.1.5) and (5.1.6) of Proposition 5.1 immediately imply that the restric-
tion of the quotient to the generic fibre of φ̂ is an invertible of degree
degX̂η
(
JD̂◦◦
fract
⊗ (c◦◦)∗ωX /S (log⌈D⌉)
)
= [X̂ ◦◦ : X ◦◦] · degXη
(
KX +D
)
.
In order to apply the construction of adapted differentials to the problem of finding
geometric height inequalities for C-integral points, we need to relate the spliing beha-
viour of Sequence (3.3.1) to that of (6.4.1). e following proposition compares the two.
Proposition 6.6 (Spliing of the sequence of relative adapted differentials). Maintaining
the seing of Proposition 5.1 and the notation introduced in this section, assume that
(6.6.1) the degree d := degXη (KX +D) is strictly positive, and
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(6.6.2) the sequence of relative adapted differentials, Sequence (6.4.1), splits when restricted
to the generic fibre X̂η .
en, Sequence (3.3.1) splits when restricted to the generic fibre Xη .
Proposition 6.6 is shown in the subsequent Sections 6.3 and 6.4.
6.3. Preparation for the proof of Proposition 6.6. We aim to relate Sequences (6.4.1)
and (3.3.1) via equivariant push-forward. We refer the reader to [Gro57, Sect. 5.1] for an
overview of elementary facts concerningG-sheaves and theirG-invariant push forwards;
see also [GKKP11, App. A] and references therein. e following elementary lemma turns
out to be key.
Lemma 6.7. Let k be an algebraically closed field, and let λ : A → B be a finite Galois
morphism between smooth k-varieties, with Galois group G . Let ∆B be a reduced divisor on
B and consider a G-invariant divisor ∆A on A with the following properties.
(6.7.1) e divisors ∆A and λ
∗
∆B − ∆A are effective, so 0 ≤ ∆A ≤ λ∗∆B .
(6.7.2) Everywhere along the support of λ∗∆B , the divisor ∆A is strictly smaller than λ∗∆B .
In other words, supp(λ∗∆B − ∆A) = supp λ∗∆B .
Equip OA(∆A) with the obvious structure of a G-subsheaf of λ∗OB (∆B). If E is any locally
free sheaf of OB -modules, then the canonical morphism
E ֒→ λ∗
(
OA(∆A) ⊗ λ∗E
)G
is an isomorphism.
Remark 6.8. e morphism λ of Lemma 6.7 is Galois, which is to say that B is the quo-
tient variety for the G-action on A. In particular, regular functions on G-invariant open
subsets of A come from B if and only if they are G-invariant. e natural morphism
OB → λ∗(OA)G is therefore an isomorphism, and then so are the natural morphisms
F → λ∗(λ∗F )G , for all locally free sheaves F on B.
Proof of Lemma 6.7. eproblem is local onB and respects direct sums. Wemay therefore
assume without loss of generality that E = OB . We have inclusions of G-sheaves on X :
λ∗OB ⊆ OA(∆A) ⊆ λ∗OB (∆B).
Using the fact that equivariant push-forward is le-exact, [Gro57, p. 197f], we obtain a
commutative diagram as follows:
OB
natl. morphism, n1
 by Rem. 6.8

  inclusion // OB (∆B)
natl. morphism, n2
 by Rem. 6.8

λ∗(λ∗OB )G 

α
// λ∗(OA(∆A))G 

β
// λ∗(λ∗OB (∆B))G .
With the identifications indicated by the vertical arrows, a section in λ∗(OA(∆A))G is seen
as a rational function f on B, satisfying the following properties.
(6.8.1) e function f has at most simple poles along ∆B , and no poles elsewhere.
(6.8.2) Along any component δ ⊂ supp λ∗∆B , the pole order of the pull-back λ∗ f is
required to satisfy
poleOrderδ λ
∗ f ≤ multδ ∆A < multδ λ∗∆B .
Such a function is necessarily regular, which shows that the composition α ◦ n1 is an
isomorphism, as required. 
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6.4. Proof of Proposition 6.6. We assume that the sequence of relative adapted differ-
entials, Sequence (6.4.1), splits when restricted to the generic fibre X̂η . Equivalently, there
exists an open subset S◦◦◦ ⊆ S◦◦ such that (6.4.1) splits over the preimage of S◦◦◦. To keep
the text readable, we assume that S◦◦◦ = S◦◦, so that there exists a morphism
s : JD̂◦◦
fract
⊗ (c◦◦)∗ωX /S (log⌈D⌉) → Ω̂1X ◦◦(log D̂◦◦log)
that splits Sequence (6.4.1).
Observation 6.9. Remark 6.5 and Assumption (6.6.1) guarantee that Image(s) equals the
maximal destabilising subsheaf of Ω̂1
X ◦◦(log D̂◦◦log) on X̂η . It follows that the spliing
morphism s is unique.
Step 1: Embedding the sequence of relative adapted differentials. By definition,
the sheaf of adapted differentials contains JD̂◦◦
fract
⊗ (c◦◦)∗Ω1X
(
log⌈D⌉) and is contained
in (c◦◦)∗Ω1X
(
log⌈D⌉) . As a consequence, we find that the sequence of relative adapted
differentials, whose spliing behaviour needs to be understood, is sandwiched between
two sequences that relate to the spliing behaviour of Sequence (3.3.1).
Claim 6.10 (Embedding the sequence of relative adapted differentials). e sequence of
relative adapted differentials fits into a commutative diagram of sheaf morphisms on X̂ ◦◦
with exact rows, as follows:
(φ̂◦◦)∗Ω1S 
 // (c◦◦)∗Ω1X (log⌈D⌉) // // (c◦◦)∗ωX /S (log⌈D⌉)
(φ̂◦◦)∗Ω1S 
 α̂ // Ω̂1X ◦◦ (log D̂◦◦log) // //
?
OO
JD̂◦◦
fract
⊗ (c◦◦)∗ωX /S (log⌈D⌉)
?
OO
ŝ , spliing
ss
JD̂◦◦
fract
⊗ (φ̂◦◦)∗Ω1S 

δ̂
//
?
β̂
OO
JD̂◦◦
fract
⊗ (c◦◦)∗Ω1X (log⌈D⌉) // //
?
γ̂
OO
JD̂◦◦
fract
⊗ (c◦◦)∗ωX /S (log⌈D⌉)
?
OO
All sheaves that appear in the diagram carry natural structures of Ĝ-sheaves, and all
morphisms are morphisms of Ĝ-sheaves.
Proof of Claim 6.10. All assertions are clear from the construction, except perhaps the Ĝ-
equivariance of the spliing morphism ŝ . e equivariance of ŝ follows from the unique-
ness pointed out in Observation 6.9.  (Claim 6.10)
Notation 6.11. To keep this proof readable, we denote the entries in the diagram of
Claim 6.10 by
Â B̂ Ĉ
D̂ Ê F̂
Ĝ Ĥ Î .
Step 2: Dualisation. To see how the sequence of relative adapted differentials relates
to Sequence (3.3.1), one might be tempted to consider Ĝ-invariant push-forward of the
diagram from Claim 6.10 at this point. is will, however, not give the sheaves we are
interested in. Instead, we need to dualise first.
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Claim 6.12 (Dualisation). Dualising the diagram of Claim 6.10, we obtain a commutative
diagram with exact rows of Ĝ-sheaves as follows:
(φ̂◦◦)∗TS (c◦◦)∗TX (− log⌈D⌉)oooo  _

(c◦◦)∗TX /S (− log⌈D⌉)? _oo  _

(φ̂◦◦)∗TS _

T̂X ◦◦ (− log D̂◦◦log)oooo  _

ŝ∗ , spliing
,,[
(c◦◦)∗TX /S (− log⌈D⌉)
]
(D̂◦◦
fract
)? _oo
 _
[
(φ̂◦◦)∗TS
]
(D̂◦◦
fract
)
[
(c◦◦)∗TX (− log⌈D⌉)
]
(D̂◦◦
fract
)oooo
[
(c◦◦)∗TX /S (− log⌈D⌉)
]
(D̂◦◦
fract
)? _oo
As a subsheaf of Ĥ ∗ =
[
(c◦◦)∗TX (− log⌈D⌉)
]
(D̂◦◦
fract
), the sheaf Ê∗ = T̂X ◦◦ (− log D̂◦◦log) is
described as
(6.12.1) Ê∗ = ker
(
Ĥ ∗ → Ĝ∗
/
D̂∗
)
.
Proof of Claim 6.12. Only the last line of the claim needs to be shown. To begin, it follows
directly from the definition of the sheaf of adapted differentials in (6.1.1) that we have an
exact sequence of locally free sheaves
0 // Ĝ
β̂ ⊕δ̂ // D̂ ⊕ Ĥ α̂◦π1−γ̂ ◦π2 // Ê // 0.
Dualising, this give a commutative diagram with exact rows,
0 // 0 //

D̂∗ Id //

D̂∗ // _
β̂ ∗

0
0 // Ê∗
α̂ ∗⊕(−γ̂ ∗)
// D̂∗ ⊕ Ĥ ∗
β̂ ∗π1−δ̂ ∗π2
// Ĝ∗ // 0.
and the assertion then follows from the snake lemma.  (Claim 6.12)
Step 3: Ĝ-invariant push-forward. We consider the Ĝ-invariant push-forward of the
diagram found above. In other words, we apply the (le-exact) functor (̂c◦◦)∗(•)Ĝ to all
sheaves and sheaf morphisms involved. For convenience of notation, write
|TX ◦◦ (− log D̂◦◦log) := (̂c◦◦)∗
(
T̂X ◦◦
(− log D̂◦◦log) )Ĝ ,
Claim 6.13 (Ĝ-invariant push-forward). e Ĝ-invariant push-forward of the diagram in
Claim 6.12 is a commutative diagram with exact rows that reads as follows:
(qφ◦◦)∗TS (qc◦◦)∗TX (− log⌈D⌉)oooo  _

(qc◦◦)∗TX /S (− log⌈D⌉)? _oo  _

(qφ◦◦)∗TS _

|TX ◦◦ (− log D̂◦◦log)oooo  _

qs , spliing
,,[
(qc◦◦)∗TX /S (− log⌈D⌉)
]
(qD◦◦tame)? _oo
 _
[
(qφ◦◦)∗TS
]
(qD◦◦tame)
[
(qc◦◦)∗TX (− log⌈D⌉)
]
(qD◦◦tame)oooo
[
(qc◦◦)∗TX /S (− log⌈D⌉)
]
(qD◦◦tame).? _oo
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Proof of Claim 6.13. e identification of the sheaves in the top row is clear by Remark 6.8.
As for the identification of the other sheaves, observe that[
(c◦◦)∗TX (− log⌈D⌉)
]
(D̂◦◦fract) =
[
(̂c◦◦)∗
[
(qc◦◦)∗TX (− log⌈D⌉)
]
(qD◦◦tame)
]
(D̂◦◦wild).
e identification
(̂c◦◦)∗
([
(c◦◦)∗TX (− log⌈D⌉)
]
(D̂◦◦fract)
)Ĝ
= (̂c◦◦)∗
[
(qc◦◦)∗TX (− log⌈D⌉)
]
(qD◦◦tame)
is thus an immediate consequence of Lemma 6.7; dio for the identifications of all the
other sheaves. It remains to prove surjectivity of the horizontal arrows towards the le
column. For the top arrow, this is clear. Since the boom row equals the top row tensored
with the locally free O qX (qD◦◦tame), surjectivity is also clear for the horizontal arrow in the
boom row. Surjectivity of themiddle arrow follows from the commutativity of the upper
le square.  (Claim 6.13)
Claim 6.14 ( qG-sheaves in the diagram of Claim 6.13). All sheaves that appear in the dia-
gram of Claim 6.13 carry natural structures of qG-sheaves, and all morphisms except pos-
sibly qs are morphisms of qG-sheaves.
Proof of Claim 6.14. With the exception of |TX ◦◦ (− log D̂◦◦log) it is clear that all sheaves in
the diagram of Claim 6.13 are qG-sheaves, and with the exception of the morphisms point-
ing to/from |TX ◦◦ (− log D̂◦◦log), all morphisms are morphisms of qG-sheaves. To prove the
assertion, it will therefore suffice to show that the sheaf |TX ◦◦(− log D̂◦◦log) is stable under
the action of qG, as a subsheaf of the qG-sheaf
[
(qc◦◦)∗TX (− log⌈D⌉)
]
(qD◦◦tame).
However, using that the fact that the Ĝ-invariant push-forward functor (̂c◦◦)∗(•)Ĝ is
le-exact, we know from Equation (6.12.1) of Claim 6.12 that
(̂c◦◦)∗(Ê∗)Ĝ = ker
(
(̂c◦◦)∗(Ĥ ∗)Ĝ → (̂c◦◦)∗(Ĝ∗)Ĝ
/
(̂c◦◦)∗(D̂∗)Ĝ
)
edesired stability under the action of qG follows from the observation that all morphisms
to the right of the equality sign are morphisms of Ĝ-sheaves.  (Claim 6.14)
Step 4: qG-invariant push-forward. In our discussion of the Ĝ-invariant push-forward
we used the fact that the spliing ŝ in the diagram of Claim 6.10 was unique for numerical
reasons, hence Ĝ-invariant. ese arguments do not necessarily apply to the spliing qs,
and we do not see why it should be qG-invariant in general. Using the special situation at
hand, we can however always find another qG-invariant spliing.
Claim 6.15 ( qG-invariant spliing). ere exists a qG-invariant morphism
qs ′ : |TX ◦◦ (− log D̂◦◦log) →
[
(qc◦◦)∗TX /S (− log⌈D⌉)
]
(qD◦◦tame)
that splits the middle row in the diagram of Claim 6.13.
Proof of Claim 6.15. e order of the group qG equals the degree [qX ◦◦ : X ◦◦] and is there-
fore coprime to the characteristic. Seing qs ′ := 1
# qG
·∑д∈ qG д∗qs therefore yields the desired
qG-invariant spliing.  (Claim 6.15)
Notation 6.16. Again we abuse notation slightly and assume without loss of generality
that qs = qs ′, so that all morphisms in Diagram 6.13 are in fact morphisms of qG-sheaves.
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Claim 6.17 ( qG-invariant spliing). e qG-invariant push-forward of the diagram in
Claim 6.13 is a commutative diagram with exact rows that reads as follows:
TS◦◦ TX ◦◦(− log⌈D⌉)oooo  _

TX ◦◦/S◦◦(− log⌈D⌉)? _oo  _

TS◦◦ _

(qc◦◦)∗
(
T̂X ◦◦ (− log D̂◦◦log)
) qG
oooo
 _

s , spliing
44
TX ◦◦/S◦◦(− log⌈D⌉)? _oo  _

TS◦◦ TX ◦◦(− log⌈D⌉)oooo TX ◦◦/S◦◦(− log⌈D⌉).? _oo
Proof of Claim 6.17. e identifications of the sheaves follow again from Lemma 6.7.
Surjectivity of the lemost horizontal arrows follows as in the proof of Claim 6.13.
 (Claim 6.17)
Step 5: End of proof. Observing that the top and boom rows in the diagram of
Claim 6.17 agree with Sequence (3.3.1), we found the desired spliing. Proposition 6.6
is thus shown. 
7. Geometric height bounds — proof of Theorem 3.8
We work in the seing of eorem 3.8 and assume that a number ε ∈ Q+ is given. We
apply Proposition 5.1 and use the notation introduced there as well as in Sections 5.1, 6.1
and 6.2. In particular, we consider the sequence of relative adapted differentials
(7.0.1) 0 → (φ̂◦◦)∗Ω1S → Ω̂1X ◦◦ (log D̂◦◦log) → JD̂◦◦
fract
⊗ (c◦◦)∗ωX /S
(
log⌈D⌉) → 0.
Observation 7.1 (Spliing of Sequence 7.0.1). Using Assumptions (3.7.1) and (3.7.2), Pro-
position 6.6 implies that Sequence (7.0.1) does not split when restricted to X̂η .
Step 1, extension of sheaves to X̂ . We aim to apply eorem 4.2 to the surface X̂ . To
this end, we need to extend Ω̂1X ◦◦ (log D̂◦◦log) to a sheaf A that is defined on all of X̂ .
Construction 7.2. Recalling from Proposition 6.2 that there exists a natural diagram of
inclusions,
Ω̂
1
X ◦◦ (log D̂◦◦log)
ι◦◦1 //
..
(c◦◦)∗Ω1
X
(
log⌈D⌉) ι◦◦2 // Ω1
X̂ ◦◦
(
log(c∗D)red
)
Ω
1
X̂ ◦◦
(
log D̂◦◦
log
)
,
ι◦◦3
OO
we consider the extended morphisms
ι2 : c
∗
Ω
1
X
(
log⌈D⌉) → Ω1
X̂
(
log(c∗D)red
)
ι3 : Ω
1
X̂
(
log D̂log
) → Ω1
X̂
(
log(c∗D)red
)
and let
A ⊆ Image(ι2) ∩ Image(ι3) ⊆ Ω1
X̂
(
log(c∗D)red
)
be the largest subsheaf whose restriction to X̂ ◦◦ agrees with Image(ι◦◦2 ◦ ι◦◦1 ).
Claim 7.3. e sheaf A is locally free and contains φ̂∗Ω1S . Writing B :=
(
A
/
φ̂∗Ω1S
)∗∗
,
we have
(7.3.1) deg
X̂η
B = [X̂ : X ] · degXη
(
KX +D
)
.
26 STEFAN KEBEKUS, JORGE VITO´RIO PEREIRA, AND ARNE SMEETS
Proof of Claim 7.3. Both claims about A are consequences of its definition as “the largest
subsheaf . . . ”. First, it follows that A is reflexive, and hence locally free since X̂ is smooth
of dimension two, [Har80, Cor. 1.4]. Second, the inclusion (φ̂◦◦)∗Ω1
S
⊆ Ω̂1
X ◦◦ (log D̂◦◦log)
implies that A must contain φ̂∗Ω1
S
. e description of B follows from Proposition 6.3
and Remark 6.5.  (Claim 7.3)
Claim 7.3 yields a complex of sheaves, φ̂∗Ω1S ֒→ A → B that agrees over X̂ ◦◦ with
Sequence (7.0.1), the sequence of relative adapted differentials. e description ofB given
in Claim 7.3 has two immediate consequences which we note for future reference.
Consequence 7.4. We have an inequality of height functions for X̂/S , applicable to all
C-integral points γ : T̂ → X̂ , namely
hc∗(KX /S+D)(•) ≤ hB(•)+ const . 
Consequence 7.5. We can express the number d ′, which appears in the formulation of
eorem 3.8 as
d ′
(5.1.1)
= [X̂ : X ] · degXη (KX /S +D) = degX̂η B > 0. 
e positivity of degX̂η B and the non-spliing of the sequence of relative adapted
differentials pointed out in Observation 7.1 allow us to apply eorem 4.2 to the pair
(X̂ , D̂log) over S . In a nutshell, the following height inequality holds for all γ̂ : T̂ → X̂
that are C-integral points for the pair (X̂ , D̂log),
(7.6.1) hB(γ̂ )
m. 4.2≤ max{deg
X̂η
B︸    ︷︷    ︸
=d ′ by Consequence 7.5
, 2 + ε
} · degT̂ Imaged γ̂A
[T̂ : S]
+O
(√
hB(γ̂ )
)
,
where, as before, d γ̂A is the composed map
γ̂ ∗A → γ̂ ∗Ω1
X̂
(
log D̂log
) d γ̂→ ωT̂ (log(γ̂ ∗ D̂log)red) .
Step 2, orbifold integral points on X and algebraic points on X̂/S . Given a C-
integral point on X , we aim to bound its height using (7.6.1), by considering its preimage
in X̂ . e following notation will be used.
Seing and Notation 7.7. Given a C-integral point γ : T → ΣT ⊂ X of the pair (X ,D), we
consider the preimage c−1ΣT ⊆ X̂ and choose a component ΣT̂ ⊂ c−1ΣT that dominates
ΣT . Denoting its normalisation by γ̂ : T̂ → ΣT̂ , we obtain a commutative diagram as
follows:
(7.7.1)
T̂
γ̂ //
α

X̂
φ̂

c

T
γ
// X
φ
// S .
Since ΣT̂ is not contained in supp D̂ by assumption, wemay consider themapd γ̂A defined
above.
Remark 7.8 (e morphism α is nearly always separable). e morphism c is separable
and therefore generically e´tale. In particular, there are (up to reparametrisation) at most
finitely manyC-integral pointsγ whose associatedmorphismsα : T̂ → T are inseparable.
We aim to understand the image of the map dα : α∗ωT → ωT̂ and to compare it to
other sheaves of differentials on T̂ . e following computation will be key.
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Computation 7.9 (Local computation). In Seing 7.7, assume that the morphism α is sep-
arable and let pT̂ ∈ T̂ be any given closed point, with image pT := α(pT̂ ) ∈ T . Choose
uniformising parameters t̂ ∈ OT̂ ,p
T̂
and t ∈ OT ,pT and write a := ordpT̂ α∗t , so that
α∗t = t̂a · û , where û ∈ OT̂ ,p
T̂
is a unit. en
dα(dt) = a · û · t̂a−1dt̂ + t̂adû and dα(d log t) = a · d log t̂ + d log û .
Since α is separable by assumption, bothdα(dt) anddα(logdt) are non-zero. In particular,
either p does not divide a or dû , 0. In any case, observing that dû and d log û either
vanish simultaneously or differ only by a unit, we find that t̂a · dα(d log t) is a section in
Image(dα), and more generally that
(7.9.1) J ap
T̂
· Image(dαlog : α∗ωT (logpT ) → ωT̂ (logpT̂ )) ⊆ Image(dα : α∗ωT → ωT̂ ).
Observe that the number a is bounded from above by the degree of c , that is, a ≤ [X̂ : X ].
Claim 7.10. In Seing 7.7, assume that α is separable. en, the following sequence of
inclusions holds over S◦◦,
(7.10.1) Imaged γ̂A ⊆ Image
(
dα : α∗ωT → ωT̂
) ⊆ ωT̂ .
Proof of Claim 7.10. Wewill prove Inequality (7.10.1) locally, in the neighbourhood of any
given closed point pT̂ ∈ T̂ lying over S◦◦. We use the notation introduced in Computa-
tion 7.9 and write
p
X̂
:= γ̂ (p
T̂
), pX := γ (pT ).
e assumption that γ is a C-integral point immediately implies that pX̂ is not contained
in the support of D̂log. In particular, we see that Imaged γ̂A ⊆ ωT̂ near pT̂ . If pX is not
contained in suppD, Inclusion (7.10.1) follows easily: by definition of Ω̂1X ◦◦ (log D̂◦◦log), one
sees that A = c∗Ω1X ⊆ Ω1X̂ near pX̂ . Inclusion (7.10.1) will then follow immediately from
the chain rule for taking derivatives.
For the remainder of the proof we consider the case where pX is contained in suppD.
e assumption that φ◦◦ is snc for the pair (X ◦◦,D◦◦) implies that pX is contained in
a unique component of D, say Di ⊆ D; the coefficient mi is then finite. Choose local
systems of parameters as follows.
• Choose parameters x ,y ∈ OX ,pX so that Di = {y = 0}.
• Choose parameters x̂ , ŷ ∈ O
X̂ ,p
X̂
so that x̂ = c∗(x) and ŷmi = (unit) · c∗(y).
Near p
T̂
, the sheaf A equals the sheaf Ω̂1X ◦◦ (log D̂◦◦log) of adapted differentials. Recall from
Definition 6.1 that A is a subsheaf of c∗Ω1X
(
log⌈D⌉) , and can be generated as follows,
Ap
T̂
=
〈
c∗dx , ŷ · c∗d logy〉
p
T̂
⊆
(
c∗Ω1X
(
log⌈D⌉))
p
T̂
.
To prove Inclusion (7.10.1), it will therefore suffice to show that the following two logar-
ithmic forms, which are a priori sections in ωT̂
(
log((γ ◦ α)∗⌈D⌉)red
)
are in fact contained
in the smaller sheaf Image(dα):
(7.10.2) (dγ̂ ◦dc)(dx) = dα(dγ ∗x) and dγ̂ (ŷ · dc(d logy)) = γ̂ ∗ŷ · dα(d logγ ∗y).
Since there is nothing to show for dα(dγ ∗x), we concentrate on the second form. ere,
the desired inclusion will follow from (7.9.1) once we show that ordp
T̂
γ̂ ∗ŷ ≥ a. But then,
ordp
T̂
γ̂ ∗ŷ =m−1i · ordpT̂ γ̂ ∗c∗y Choice of ŷ
=m−1i · ordpT̂ α∗γ ∗y Diagram (7.7.1)
=m−1i · a · ordpT γ ∗y
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and the claim follows once we recall that γ is a C-integral point, which implies in partic-
ular that ordpT γ
∗y ≥ mi . In summary, we have seen that the rational forms mentioned
in (7.10.2) are both contained in Image(dα), which finishes the proof.  (Claim 7.10)
Claim 7.11. In Seing 7.7, there exists a number const ∈ N such that the following
inequality holds for every C-integral pointγ : T → ΣT and for every choice of a preimage
component ΣT̂ ⊂ c−1ΣT that dominates ΣT :
(7.11.1)
degT̂ Imaged γ̂A
[T̂ : S]
≤ degT̂ Imagedα
[T̂ : S]
+ const = δ (γ )+ const .
Proof of Claim 7.11. Recalling from Remark 7.8 that the morphism α is nearly always sep-
arable, it suffices to consider the separable case only. e equality in (7.11.1) follows by a
simple computation, using that α is separable, so deg
T̂
Imagedα = deg
T̂
α∗ωT .
e inequality in (7.11.1) would clearly follow if the Inclusion (7.10.1) would hold for
all points of T̂ . is may, however, not always be the case. If pT̂ ∈ T̂ is a closed point
where the Inclusion (7.10.1) fails, then we know from Claim 7.10 that pT̂ cannot lie over
S◦◦. In particular, there are at most [T̂ : S] · #(S \ S◦◦) such points in T̂ . How badly can
Inequality (7.10.1) fail at the pointpT̂ ? By definition, we know thatA ⊆ Ω1X̂
(
log(c∗D)red
)
,
which gives us an inclusion
Imagedγ̂A ⊆ Image
(
d(γ ◦ α) : c∗Ω1X (log⌈D⌉) → ωT̂
(
log((γ ◦ α)∗ ⌈D⌉)red
) )
=: A.
Locally near pT̂ , Computation 7.9 shows
J apt̂ · Imagedγ̂A ⊆ J
a
pt̂
· A (7.9.1)⊆ Image(dα : α∗ωT → ωT̂ ).
Recalling that a ≤ [X̂ : X ], we can therefore finish the proof by seing
const := [X̂ : X ] · #(S \ S◦◦).  (Claim 7.11)
Step 3, end of proof. Combining the results obtained so far, we find that the following
sequence of inequalities holds for all orbifold integral points γ in X , and all choices of
preimage components. As before, we use the notation introduced in 7.7 above.
h(γ ) = hc∗(KX /S+D)(γ̂ ) ≤ hB(γ̂ ) + const Consequence 7.4
≤ max{d ′, 2 + ε} · degT̂ Imaged γ̂A
[T̂ : S]
+O
(√
hB(γ̂ )
)
Inequality (7.6.1)
≤ max{d ′, 2 + ε} · δ (γ ) +O
(√
hB(γ̂ )
)
Claim 7.11
= max{d ′, 2 + ε} · δ (γ ) +O
(√
h(γ )
)
Consequence 7.4
is ends the proof of eorem 3.8. 
7.1. Notes on the proof. —
7.1.1. Improved height bounds in characteristic zero. If char(k) = 0, recall from Section 4.4
that the height bound of eorem 4.2 can be improved. In fact, replacing (7.6.1) by the
improved bound (4.22.2) when we applyeorem 4.2 in Step 4 of our proof, we obtain the
improved result claimed in Section 3.2.3 above.
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7.1.2. Sharpness of eorem 3.8 and the Kodaira-Spencer map. As promised on Page 9 at
the end of Section 3.2.5, we add a few words concerning the sharpness of the bound given
byeorem 3.8. e bounds obtained in [Kim97, m. 2] and [KTV00, Claim 2.2], rely on
a control of the degree of the restriction of the foliation G toXη , appearing in the proof of
Proposition 4.11. More specifically, beer bounds for degXη G allow to extract improved
height bounds from Inequality (4.11.1). We do not know if one can replace the number
d ′ = degXη (KX +D) · lcm {mi |mi , ∞} = degXη (KX +D) · deg(c)
by the smaller number d = degXη (KX + D). For that one would need to show that
degXη G ≥ [X̂ : X ] when G is the foliation on X̂ tangent to infinitely many degen-
erate X̂/S algebraic points. We could not find a way to prove this stronger inequality,
without imposing further conditions on the logarithmic Kodaira-Spencer map of the pair
(X , ⌈D⌉).
8. Geometric height bounds — proof of Theorem 3.7
We aim to apply eorem 3.8 to a pair (X ,D ′), where the divisor D ′ is obtained from
D by lowering the coefficients. To be precise, we set D ′ :=
∑
i ∈fract
m′i−1
m′i
·Di +Dlog, where
m′i :=

mi if p
2 ∤mi
3 if p = 2 and p2 |mi
largest prime factor ofmi otherwise.
e assumptions of eorem 3.7 imply, by means of elementary computations, that
the pair (X ,D ′) satisfies each of the assertions below.
(8.0.1) e pair (X ,D ′) is a C-pair. We have D ′ ≤ D.
(8.0.2) None of the numbers (mi )i ∈fract is a multiple of p2.
(8.0.3) We have degXη (KX +D ′) ≥ 16 .
(8.0.4) We have suppD ′ = suppD. e analogue of Sequence (3.3.1) for the pair (X ,D ′)
does not split when restricted to the generic fibre Xη .
(8.0.5) We have lcm{m′i | i ∈ fract} ≤ 3 · lcm{mi | i ∈ fract}.
Item (8.0.1) guarantees that any C-integral point of the pair (X ,D) is automatically C-
integral for the pair (X ,D ′). Items (8.0.2) — (8.0.4) guarantee that the pair (X ,D ′) satisfies
all assumptions made in eorem 3.8. Now, given any number ε > 1 and choosing
d := degXη (KX +D) dKX+D′ := degXη (KX +D ′)
d ′ := d · lcm{mi | i ∈ fract} d ′KX+D′ := dKX+D′ · lcm{m′i | i ∈ fract},
and applying Ne´ron’s theorem, [Ser89, m. 2.11], we obtain the following
d ′KX+D′ ≤ d · lcm{m′i | i ∈ fract} ≤ 3 · d ′ (8.0.1) and (8.0.5)
hKX +D (γ ) ≤
d
dKX+D′
·hKX +D′(γ ) +O
(√
hKX +D (γ )
)
Ne´ron’s theorem
≤ 6d · hKX +D′(γ )+O
(√
hKX +D (γ )
)
Item (8.0.3)
≤ 6d ·max{d ′KX+D′ , 2 + ε} · δ (γ ) +O
(√
hKX +D (γ )
)
eorem 3.8 for (X ,D ′)
≤ 6d ·max{3d ′, 2 + ε} · δ (γ )+O
(√
hKX +D (γ )
)
eorem 3.7 is thus shown. 
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9. Rigidity theorem for C-integral points — proof of Theorem 3.10
Our proof of eorem 3.10 depends on the characteristic. In contrast to the proofs
of eorems 3.7 and 3.8, where inseparability is the main source of difficulties, here in-
separability greatly simplifies the argument. No maer what the characteristic, we argue
by contradiction and assume that there exists a smooth, projective k-curve T over S , a
smooth, quasi-projective k-curveH ′ and a non-constant morphism γ ′ : T ×H ′ → X such
that the induced morphisms γ ′
h
: T → X are S-morphisms and C-integral points over S ,
for all h ∈ H ′(k).
Remark 9.1. Since X is a surface and since the morphisms γ ′
h
are S-morphisms, the as-
sumption “non-constant” immediately implies that γ ′ is dominant.
Notation 9.2. Take H to be the unique compactification of H ′ to a smooth, projective
k-curve. e morphism γ ′ extends to a rational map γ : T × H d X , whose set of
fundamental points is finite. e following diagrams summarises the situation.
(9.2.1)
H T ×Hπ2oo γ // //❴❴❴
π1

X
φ

T
ζ
// S
Remark 9.3. Since its indeterminacy locus is finite, γ restricts to rational mapsγh : T d X ,
for every h ∈ H (k). But since T is a k-smooth curve, these maps are in fact morphisms.
Assumption w.l.o.g. 9.4. Shrinking S◦, we may assume that γ is well-defined over S◦ and
that for every h ∈ H (k), the morphism γh : T → X is either a C-integral point, or that its
image is completely contained in the support of D.
9.1. Proof of eorem 3.10 in characteristic zero. In this section, we prove eo-
rem 3.10 under the assumption that the algebraically closed field k has characteristic
zero. In particular, the morphism ζ is separable and generically e´tale. Our goal is to
construct a spliing of Sequence (3.3.1) over the generic fibre Xη of φ, contradicting As-
sumption (3.10.2).
Assumption w.l.o.g. 9.5. Shrinking S◦, we assume that ζ is e´tale.
Step 1. Splittingofγ ∗Ω1X . We beginwith a discussion ofγ
∗
Ω
1
X . Over S
◦, whereγ is well-
defined and ζ is e´tale, we show that the pull-back of the sequence of relative differentials
for the smooth morphism φ splits. In fact, a spliing over S◦,
(9.5.1) 0 // γ ∗φ∗Ω1S γ ∗dφ
// γ ∗Ω1X c
//
arr
γ ∗ωX /S //
btt
0,
is easily constructed by taking a to be composition of the following morphisms,
γ ∗Ω1X
dγ // Ω1T×H
 // π ∗1Ω
1
T ⊕ π ∗2Ω1H
projection // π ∗1Ω
1
T
 over S◦ // γ ∗φ∗Ω1S .
Since ζ is e´tale, a is surjective and we take b as the inverse of the restriction of c to ker(a).
To make use of this spliing, we need to relate it to the Sequence (3.3.1), which involves
log differentials rather than differentials. e following claim will turn out to be key.
Claim 9.6. Over S◦, we have Image(b) ⊆ ker(γ ∗Ω1X → γ ∗Ω1suppD ) .
Proof of Claim 9.6. Since c is surjective, we may as well prove that
Image
(
b ◦ c : γ ∗Ω1X → γ ∗Ω1X
) ⊆ ker(γ ∗Ω1X → γ ∗Ω1suppD ) .
is can be shown locally, near any given point ®p ∈ (suppγ ∗D) ∩T ◦ ×H . In fact, given
®p, write ®x = γ (®p) and choose a local equation f ∈ OX ,®x for suppD, and a uniformising
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parameter s ∈ OS ,φ( ®x ). Recall from Seing 3.1 that (X ,D) is relatively snc over S◦. Near ®x ,
the sheaf Ω1X is therefore generated by the differential forms d f and dφ(ds). Near ®p, the
pull-back sheaf γ ∗Ω1X is then generated by the pull-back sections γ
∗d f and γ ∗dφ(ds). To
prove the claim, it will then suffice to show that
(b ◦ c) (γ ∗d f ) ∈ ker(γ ∗Ω1X → γ ∗Ω1suppD ) and(9.6.1)
(b ◦ c) (γ ∗dφ(ds)) ∈ ker(γ ∗Ω1X → γ ∗Ω1suppD ) .(9.6.2)
Inclusion (9.6.2) follows because γ ∗dφ(ds) ∈ ker(c). Inclusion (9.6.1) requires a lile more
thought. To begin, observe that d f |suppD = 0 ∈ Ω1suppD , which implies that
(9.6.3) γ ∗d f ∈ ker(γ ∗Ω1X → γ ∗Ω1suppD ) .
Secondly, recall from Assumption 9.4 that the divisor γ ∗(⌈D⌉) intersects all horizontal
curves T × {h} with multiplicity at least 2, or else contains these curves in its support.
Either way, it then follows from the construction of a that near ®p, the section a(γ ∗d f )
vanishes along the support of γ ∗D. By construction of b, this means that near ®p, the
sections γ ∗d f and (b ◦ c) (γ ∗d f ) agree along suppγ ∗D. Inclusion (9.6.3) will then show
that the section of γ ∗Ω1suppD that is induced by (b ◦ c)
(
γ ∗d f
)
, vanishes there, as desired.
 (Claim 9.6)
Step 2. Splitting of γ ∗Ω1
X
(
log⌈D⌉). As a next step, we claim that Sequence (3.3.1) splits
over S◦, once one pulls it back via γ . e following commutative diagram with exact rows
and columns summarises the situation, and relates Sequence (3.3.1) to Sequence (9.5.1)
discussed in the previous step.
γ ∗
(
J⌈D ⌉ ⊗ φ∗Ω1S
)
  //
 _

γ ∗
(
J⌈D ⌉ ⊗ Ω1X
(
log⌈D⌉) ) // //
 _
α

γ ∗
(
J⌈D ⌉ ⊗ ωX /S
(
log⌈D⌉) )
 _
isomorphic

γ ∗φ∗Ω1S
  γ
∗dφ //

γ ∗Ω1X
c // //
a
ll
β

γ ∗ωX /S
b
ll

γ ∗Ω1suppD
 
isomorphic
// γ ∗Ω1suppD // // 0
Explanation 9.7. efirst row in the diagram equals Sequence (3.3.1) twisted with the ideal
sheaf J⌈D ⌉ and pulled back via γ . e second row equals Sequence (9.5.1). e middle
column is a standard description of logarithmic differentials, as discussed for instance in
[EV92, Prop. 2.3(c) on p. 13].
We have seen in Claim 9.6 that the composed map β ◦ b : γ ∗ωX /S → γ ∗Ω1suppD van-
ishes. As a consequence, we obtain a morphism γ ∗ωX /S → γ ∗
(
J⌈D ⌉ ⊗ Ω1X
(
log⌈D⌉) ) , and
hence a spliing of the top row. Since a sequence of coherent sheaves splits if and only if
it splits aer tensoring with a locally free sheaf, we can summarise our results so far as
follows.
Claim 9.8. e γ -pull-back of Sequence (3.3.1),
(9.8.1) 0 → γ ∗φ∗Ω1S → γ ∗Ω1X
(
log⌈D⌉) → γ ∗ωX /S (log⌈D⌉) → 0
splits over T ◦. 
Step 3. Splitting of Sequence (3.3.1). We will now show that Sequence (3.3.1) itself
splits over the generic fibre Xη of φ. Recall that η denotes the generic point of S , and
denote the generic point ofT by ηT . To begin, observe that
degηT ×H γ
∗φ∗Ω1S = 0 and degηT ×H γ
∗ωX /S
(
log⌈D⌉) Ass. (3.10.1)> 0.
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It follows that the sheaf γ ∗Ω1X
(
log⌈D⌉) |ηT×H is unstable. Recalling that the pull-back
of a semistable sheaf under separable morphisms of curves remains semistable, [Miy87,
Prop. 3.2], we infer that Ω1X
(
log⌈D⌉) |Xη is likewise unstable. Its maximal destabilising
subsheaf is then a saturated, invertible subsheaf A ⊂ Ω1X
(
log⌈D⌉) |Xη , of degree
(9.8.2) 12 · degXη ωX /S
(
log⌈D⌉) unstable< degXη A Seq. (9.8.1)≤ degXη ωX /S (log⌈D⌉) .
Claim 9.9. e rightmost inequality in (9.8.2) is indeed an equality.
Proof of Claim 9.9. Writing B for the quotient of Ω1X
(
log⌈D⌉) |Xη by A , we obtain an
exact sequence of locally free sheaves on Xη ,
0 → A → Ω1X
(
log⌈D⌉) |Xη → B → 0.
Assuming that we have strict inequalities, we obtain degree bounds
0 < degXη A < degXη ωX /S
(
log⌈D⌉)
0 < degXη B < degXη ωX /S
(
log⌈D⌉)
In particular, any morphism from γ ∗ωX /S
(
log⌈D⌉) |ηT×H to the γ -pull-back of either A or
B vanishes for degree reasons, contradicting Claim 9.8.  (Claim 9.9)
Claim 9.9 implies in particular that the composed morphism
A → Ω1X
(
log⌈D⌉) |Xη → ωX /S (log⌈D⌉) |Xη
is an isomorphism and that Sequence (3.3.1) splits over Xη . is contradicts Assump-
tion (3.10.2) and therefore ends the proof of eorem 3.10 in characteristic zero. 
9.2. Proof ofeorem 3.10 over fields of positive characteristic. In this section, we
proveeorem 3.10 under the assumption that k is an algebraically closed field of positive
characteristic. e strategy consists in deducing from Diagram (9.2.1) the existence of an
infinite sequence of C-integral points over S with bounded discriminant and unbounded
height, contradicting the geometric height inequalities for C-integral points provided by
eorem 3.7.
Step 1. Simplification. Given any numberm ∈ N, set
Dm := D − 1m ·Dlog.
Observe that suppD = suppDm , that (X ,Dm) a C-pair and that all C-integral points
of (X ,D) are automatically C-integral points of (X ,Dm). Choosingm sufficiently large,
Assumption (3.10.1) of eorem 3.10 is still satisfied for the pair (X ,Dm). Replacing D by
Dm , we are thus safe to make the following assumption.
Assumption w.l.o.g. 9.10. e divisor D has no component with C-multiplicity equal to
∞. In other words, Dlog = 0.
Step 2. Iterated Frobenius morphisms. Given any number n ∈ N, let Fn : Hn → H
be the nth iterated k-linear Frobenius morphism, as discussed in [Har77, IV, Rem. 2.4.1]
or [Sta18, Tag 0CC9]. e Hn are then k-algebraic curves, with genus д(Hn) = д(H ),
cf. [Har77, IV, Prop. 2.5].
Choose divisors AH ∈ Div(H ) and AT ∈ Div(T ) with degrees deg•A• ≥ 2д(•) + 1.
For every number n, set AHn := p
−n · F ∗nAH ∈ Div(Hn), which is a divisor of degree
degHn AHn = degH AH . By [Har77, IV, Cor. 3.2.b], this assumption implies that the di-
visors AH , AT and AHn are all very ample, and then by [Gro65, Prop. 4.4.10.iv] so are the
divisors
AT×Hn := π
∗
1AT ⊗ π ∗2AHn ∈ Div(T ×Hn), for every n.
For every number n, let Cn ∈ |AT×Hn | be a general section. We summarise some of its
main properties.
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(9.10.1) Following [Kle74, Cor. 12] or [Fle77, Satz 5.2], the scheme Cn is a regular curve,
hence smooth over the perfect field k .
(9.10.2) e curveCn avoids the (finite) indeterminacy locus of the composed morphism
γ ◦ (IdT ×Fn) : T ×Hn d X .
(9.10.3) e natural morphism of curvesCn → T is separable, since the very ample linear
system |AT×Hn | separates tangents and the projectionmapT ×Hn → T is smooth
of relative dimension one.
(9.10.4) By construction, the degree of Cn over S equals
[Cn : S] = [Cn : T ] · [T : S] = degH AH · [T : S]
and is therefore independent of n.
Notation 9.11. e following diagram extends (9.2.1), summarises the situation, and fixes
the notation used to denote the relevant morphisms.
Cn
ιn
inclusion
//
γn
**
ψn
55T ×Hn
ηn :=IdT ×Fn // T ×H
γ
// //❴❴❴❴❴❴❴❴
π1

X
φ

T
ζ
// S
Byminor abuse of notation, we denote the projections fromT ×Hn by π •, as it will always
be clear from the context what number n is meant.
Step 3. e curves γn as C-integral points. We will show that the curves γn are C-
integral points for the family φ : X → S . For the reader’s convenience, we prove bira-
tionality first.
Claim 9.12. Given any number n ∈ N, the morphism γn maps the curve Cn birationally
onto its image.
Proof of Claim 9.12. Recalling that the very ample linear system |AT×Hn | separates points,
it follows directly from the choice of Cn as a general element that the morphism γn is
generically injective. To prove birationality, it remains to show that the morphismCn →
γn(Cn) is separable, or equivalently, that the pull-back map of differential forms, dγn :
γ ∗nΩ1X → Ω1Cn , does not vanish identically. e proof relies on two observations.
• First, recalling that the morphisms γ ′
h
: T → X are assumed to be C-integral points
over S for all closed points h ∈ H ′, the following composed morphism between
invertible sheaves onT ×H \ (indet. locus of γ ) does not vanish identically:
γ ∗Ω1X
dγ // Ω1T×H
 // π ∗1Ω
1
T ⊕ π ∗2Ω1H
projection // π ∗1Ω
1
T .
By general choice, the pull-back of this map toCn , denoted byα : γ
∗
nΩ
1
X → ψ ∗nπ ∗1Ω1T ,
will then likewise not vanish.
• Second, recall from (9.10.3) that the map π 1 ◦ ιn : Cn → T is separable. e com-
posed morphism between invertibles onCn ,
ι∗nπ
∗
1Ω
1
T Id ⊕0
//
β
,,
ι∗nπ
∗
1Ω
1
T ⊕ ι∗nπ ∗2Ω1Hn  // ι∗nΩ1T×Hn dιn
// Ω1Cn
will thus again not vanish identically.
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With these two observations in place, the map dγn can now be rewrien as
γ ∗nΩ1X ψ ∗ndγ
//
dγn
,,ψ ∗nΩ1T×H ι∗ndηn
//


ι∗nΩ1T×Hn dιn
//


Ω
1
Cn
γ ∗nΩ1X α ⊕(other)
// ψ ∗nπ ∗1Ω
1
T ⊕ψ ∗nπ ∗2Ω1H (Isom.)⊕0 // ι
∗
nπ
∗
1Ω
1
T ⊕ ι∗nπ ∗2Ω1Hn β+(other) // Ω
1
Cn
.
Recalling that ψ ∗nπ ∗1Ω
1
T
, ι∗nπ ∗1Ω
1
T
and Ω1
Cn
are invertible, so that any composition of non-
vanishing morphisms is itself non-vanishing, a look at the boom row will convince the
reader.  (Claim 9.12)
Claim 9.13. For every sufficiently large number n, the curve γn is a C-integral point for
the family φ : X → S , in the standard sense of Definition 3.4.
Proof of Claim 9.13. Recall from Assumption 9.10 that no component of the divisor D
has C-multiplicity equal to ∞. We will show the morphisms γn are C-integral points
whenever
(9.13.1) pn ≥ max{mi | 1 ≤ i ≤ d}.
Assuming that one suchn is given, we need to show thatγn satisfies the conditions spelled
out in Definition 3.4 on page 7. Condition (3.4.1) (“the curve Cn dominates S”) is clear by
construction, and Condition (3.4.3) (“the morphism γn is birational onto is image”) has
been verified in Claim 9.12 above. It remains to verify Condition (3.4.2): the obvious
restriction of γ to the preimages of S◦, which we write as γ ◦n : C◦n → X ◦, is a C-curve for
the pair (X ◦,D◦).
To this end, let x ∈ C◦n be any closed point such that γn(x) belongs to the support of
D◦. Using the assumption that D◦ is relatively snc over S◦, observe that the point γn(x)
is then contained in exactly one component of D. Writem for the C-multiplicity of that
component and recall from Assumption 9.10 thatm < ∞. To show Condition (3.4.2), we
need to show that the multiplicity ofD at the point x is at leastm, that is, multx γ
∗
nD ≥ m.
is will be done by means of a local computation. Write (a,b) := (ηn ◦ ιn)(x) ∈ T ×H
and choose uniformising parameters t ∈ OT ,a and h ∈ OH ,b . Abusing notation, we use
the symbols t and h to also denote the associated elements of the local ring OT×H ,(a,b ).
We claim that the following inclusion of ideals holds true:
(9.13.2) Jγ ∗D ⊂ Jγ ∗D ∩ (T×{b })
!⊆ (h, tm) in OT×H ,(a,b ).
In fact, if b ∈ H ′ and if γn is not C-integral, then Inclusion (9.13.2) follows from the
assumption that γb : T → X is a C-integral point. If on the other hand b < H ′, then
Inclusion (9.13.2) follows from Assumption 9.4, which asserts that (T × {b}) ⊆ suppγ ∗D.
But now we are done: observing that
ordx (ηn ◦ ιn)∗h ≥ pn
(9.13.1)≥ m and ordx (ηn ◦ ιn)∗tm ≥ m,
the claim follows directly from (9.13.2).  (Claim 9.13)
Step 4. Conclusion. We conclude by showing that the family γn of C-integral points
has bounded discriminant but unbounded height, contradicting eorem 3.7.
Claim 9.14. e discriminants of the (γn)n∈N are constant.
Proof of Claim 9.14. Given n ∈ N, choose closed points t ∈ T (k) and hn ∈ Hn(k), with
fibres Ft and Fhn in T ×Hn . We have equalities of numerical classes,
[Cn] ≡num (degT AT ) · [Ft ] + degH AH · [Fhn ]
[KT×Hn ] ≡num (2 ·д(T ) − 2) · [Ft ]+ (2 ·д(H ) − 2) · [Fhn ]
BRAUER–MANIN FAILURE FOR A SIMPLY CONNECTED FOURFOLD 35
and therefore
degCn ωCn = [Cn] ·
[
Cn +KT×Hn
]
= const+ ∈ N+.
Item (9.10.4) will thus conclude the proof.  (Claim 9.14)
Claim 9.15. e heights of the (γn)n∈N are unbounded. More precisely, we have
lim
n→∞h(γn) = limn→∞
degCn γ
∗
n(KX /S +D)
[Cn : S] = ∞.
Proof of Claim 9.15. As before, choose t ∈ T (k) and h ∈ H (k), with fibres Ft and Fh in
T ×H and write [
γ ∗(KX /S +D)
] ≡num a · [Ft ] + b · [Fh]
where a and b are rational numbers. Assumption (3.10.1) guarantees that b > 0. But then,
degCn γ
∗
n(KX /S +D) = [AT×Hn ] ·
[
η∗nγ
∗(KX /S +D)
]
= (degT AT ) · pn · b + (degH AH ) · a
As before, Item (9.10.4) concludes the proof.  (Claim 9.15)
To sum up, assuming that there exists a positive family of C-integral points, we found
a sequence of C-integral points of bounded discriminant but unbounded height. is
contradicts the height bound found in eorem 3.7 above and therefore ends the proof
of eorem 3.10 in the last remaining case, when the characteristic of the base field is
positive. 
10. Mordell theorem for C-integral points — proof of Theorem 3.12
Witheorems 3.7 (“Height bound”) and 3.10 (“Rigidity”) at our disposal, eorem 3.12
follows quickly, adapting standard arguments to our seing. We argue by contradiction:
maintaining the seing and assumptions of eorem 3.12, we assume that there exists a
smooth k-curveT over S and an infinite number of C-integral points γ ∈ HomS (T ,X )(k).
10.1. Step 1: the set of C-integral points. e following claim asserts that the set of
C-integral points,
HomS (T ,X ,C) :=
{
γ ∈ HomS (T ,X )(k) | γ is C-integral
}
,
is locally closed. e proof uses lile but the definition of “C-integral” and the standard
fact that effective Cartier divisors on the smooth curveT are parameterised by the Hilbert
scheme, as discussed in [Sta18, Sect. 0B9C] or [Kol96, I. m. 1.13].
Claim 10.1. e set HomS (T ,X ,C) is a locally closed subset of HomS (T ,X )(k).
Proof of Claim 10.1. Considering one component of D at a time, we may assume without
loss of generality that the divisor D ∈ Div(X ) is irreducible, so D = m1−1
m1
· D1 withm1 ∈
N+ ∪ {∞}. WriteT := T ◦ ∪ {t1, . . . , ta }. Now, given any componentH ⊆ HomS (T ,X )red,
we need to show that the set
HC := {γ ∈ H (k) | γ is C-integral}
is locally closed in H (k). To begin, remark that
HC ⊆ {γ ∈ H | Image(γ ) 1 suppD} := H ◦,
where H ◦ ⊆ H is open. We will show that HC is a closed subset of H ◦(k).
Next, choose any morphism γ ∈ H (k) and set bH := degT γ ∗D1. is number is inde-
pendent of the choice of γ . Denoting the universal morphism by u◦ : H ◦ ×T → X , the
pull-back (u◦)∗D1 is a relative effective Cartier divisor for the family H ◦ ×T → T ; we
refer the reader to [Sta18, Section 056P] for the definition of “relative effective Cartier”
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and to [Sta18, Lem. 062Y] for the criterion used here. By [Sta18, Section 0B9C], this di-
visor yields a morphism ν : H ◦ → HilbbH
T /k . We aim to describe HC in terms of this
morphism. To this end, we consider sequences of numbers as follows,
M :=
{
(n1, . . . ,na+bH ) ∈ Na+bH
∑
j
nj = bH and for all i > a either ni = 0 or ni > m1
}
.
Here, the inequality ni > m1 is understood to be never satisfied when m1 = ∞. If any
sequence ®n = (n1, . . . ,na+bH ) ∈ M is given, we consider the relative effective Cartier
divisor on π2 × · · · × πa+bH+1 : T×(a+bH+1) → T×(a+bH ) given as
D ®n :=
a+bH∑
i=1
ni ·
[{(t0, . . . , ta+bH ) ∈ T×(a+bH+1) | t0 = ti }] .
As before, D ®n defines a morphism u ®n : T×(a+bH ) → HilbbHT /k . e morphism u ®n is proper;
its image is therefore closed and then so is the union
CHilbbH
T /k :=
⋃
®n∈M
Image(u ®n).
Returning to the original problem of describing HC , it follows immediately from the con-
struction that a point γ ∈ H (k) is in HC if and only if ν (γ ) ∈ CHilbbHT /k . e set HC is
therefore closed in H ◦(k).  (Claim 10.1)
10.2. Step 2: boundedness, end of proof. eorem 3.7 implies that the height of all
C-integral points γ : T → X is bounded:
∃ const+ : ∀γ ∈ HomS (T ,X ,C) : degT γ ∗(KX /S +D) < const+ .
Using that KX /S + D is relatively ample and that HomS (T ,X ) is an open subscheme of
HilbT×SX /S , we find finitely many irreducible components of HomS (T ,X ) that contain all
of HomS (T ,X ,C). In particular, there exists one irreducible component of HomS (T ,X ,C)
that contains infinitely many points andmust therefore be of positive dimension. Eventu-
ally, this allows us to find a quasi-projective curve C◦ ⊆ HomS (T ,X ) and an S-morphism
γ ◦ : C◦ ×T → X such that the morphisms γ ◦c : T → X are C-integral, for all c ∈ C◦(k).
eorem 3.10, however, asserts that no such morphism can possibly exist. We obtain a
contradiction, which ends the proof of eorem 3.12. 
Part II. Insufficiency of the Brauer–Manin obstruction for a simply connected
fourfold
11. Fibrations of general type — proof of Theorem 1.4
e goal of this section is to prove eorem 1.4. e case of number fields has been
treated by Campana in [Cam05, §5] conditionally on the abc conjecture. Our construction
proceeds along similar lines – we use our orbifold Mordell theorem in positive charac-
teristic as a substitute for the abc conjecture, together with a delicate construction of
genus-two fibrations on certain simply connected surfaces with orbifold base of general
type, due to Stoppino [Sto11]. Her construction is simpler than the one used by Campana
in [Cam05, §5], and therefore has the advantage of being more easily transportable to
positive characteristic.
11.1. e orbifold base. For fibrations between algebraic varieties over the complex
numbers, Campana defines the notion of orbifold base in [Cam04, §1.1.4, §1.2.1]. Let us
recall the definition.
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Definition 11.1 (Orbifold base). Let k be an arbitrary field and let π : Y → X be a
surjective morphism of smooth, quasi-projective k-varieties. Assume that π is smooth over
an open subset of X . For each P inX (1), the set of points of codimension 1 on X , we definemP
as the minimum of the set of multiplicities of the irreducible components of the fibre π−1(P).
We then set
∆π :=
∑
P ∈X (1)
(
1 − 1
mP
)
· P .
where P denotes the Zariski closure of P . We refer to (X ,∆π ) as the orbifold base of π .
Remark 11.2. e support of ∆π in Definition 11.1 need not be SNC.
Remark 11.3. Definition 11.1 considers only codimension-one points of X and ignores
the behaviour of f over points of higher codimension. While more elaborate definitions
of “orbifold base” are discussed in the community, the simple version described above is
good enough for our purposes.
Lemma 11.4 (Orbifold base and C-curves). In the seing of Definition 11.1, assume that k
is algebraically closed. Let D ≤ ∆π be any other Q-divisor on X , such that (X ,D) forms an
snc C-pair. IfT is a smooth, quasi-projective k-curve equipped with a morphism γ : T → Y ,
then either Image(π ◦γ ) ⊂ suppD, or π ◦γ : T → X is a C-curve for the C-pair (X ,D).
Proof. If suffices to consider the case where the support ofD is irreducible. Let us assume
that Image(π ◦ γ ) 1 suppD, and let t ∈ T (k) be such that (π ◦ γ )(t) ∈ suppD. To show
that π ◦ γ is a C-curve, we need to check that
multt (π ◦γ )∗⌈D⌉ ≥ min(multiplicities of irreducible components of π ∗ ⌈D⌉).
is is however immediate from the definition of orbifold base once we observe that
multt (π ◦γ )∗ ⌈D⌉ = multt γ ∗(π ∗ ⌈D⌉). 
11.2. Multiple fibres. In order to guarantee that the variety constructed in Section 11.3
is geometrically simply connected, we use an elementary criterion which generalises
[Cam05, Lem. 5.8]. e following definition will be used.
Definition 11.5 (Multiple fibres). Let k be an algebraically closed field. Let π : X → C be
a projective, surjective k-morphism from a normal k-variety to a smooth k-curve. Assume
that π has connected fibres. Given P ∈ C(k), say that π has a multiple fibre over P if there
exist an integerm ≥ 2 and a Weil divisor D on X such that π ∗P =mD.
Lemma 11.6 (Multiple fibres and simple connectedness). In the seing of Definition 11.5,
fix a base point x ∈ X (k). Assume that π does not have any multiple fibres and that at least
one fibre of π is simply connected. en, the natural homomorphism
π e´t1 (X ,x) → π e´t1
(
C ,π (x))
is an isomorphism.
Proof. Let f : X ′ → X be a finite, e´tale cover. We have to show that f is the base change
along π of a finite e´tale cover of the base curveC . Taking the Stein factorisation of π ◦ f ,
we obtain the commutative diagram,
X ′
f , e´tale //
π ′, connected
fibres 
X
π

C ′
д, finite
// C .
Since f has a simply connected fibre, we see that д must be e´tale above at least one point
ofC , and hence also generically. We claim that д is e´tale everywhere. If fact, if c ′ ∈ C ′(k)
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is any closed point with image c ∈ C , then the coefficients of π ∗c ∈ Div(X ) are coprime;
since f is e´tale, so are the coefficients found in any connected component of f ∗π ∗c . On
the other hand, if B′ is any connected component of (π ′)∗д∗c = f ∗π ∗c that maps to c ′,
then all coefficients in B′ are multiples of multc ′ д∗c . erefore multc ′ д∗c = 1, so д is e´tale
at c ′. It is now easy to see that the natural morphism X ′ → X ×C C ′ is an isomorphism,
as required. 
11.3. Proof of eorem 1.4. We begin directly with the construction of the example.
A second step will show that the example does indeed satisfy all required properties.
roughout, we view P1 as an extension of A1 and write t instead of [t : 1] and ∞
instead of [1 : 0].
Step 1. Construction. Stoppino proves in [Sto11, m. 3.1] that there exists a smooth,
projective Q-surface FQ and a Q-morphism дQ : FQ → P1Q with the following properties.
(11.7.1) e Q-surface FQ is smooth, of general type, and дQ is smooth over an open
subset of P1
Q
.
(11.7.2) e natural morphism OP1
Q
→ (дQ)∗OFQ is an isomorphism.
(11.7.3) No geometric fibre of дQ is multiple.
(11.7.4) e fibre д−1
Q
(1) has a Q-rational point xQ.
(11.7.5) e geometric fibres ofдQ over 0 and∞ are supported on trees of smooth rational
curves with transverse intersections, and each of the irreducible components has
multiplicity at least two.
For details, we refer the reader to Stoppino’s construction with “fibres of type 1”,
[Sto11, Fig. 2 as well as m. 3.1] and [Sto11, Rem. 3.6]. To ensure that Condition (11.7.4)
is satisfied, we choose α = − 793216 in [Sto11, Proof of m. 3.1]. is guarantees that the
point
(
2
3 , 1
) ∈ P1 ×P1 lies on Stoppino’s curve B1, and that B1 is smooth at every point
of intersection with P1 × {1}.
Step 1a. Reduction mod p. e fibration дQ : FQ → P1Q described above can be defined
over a suitable localisation of the ring of integers. Let us therefore choose a proper model
д˜ : F → P1
ZT
, whereT is a finite set of primes containing 2 and 3. We now choose p < T
and write F := F ⊗ZT Fp . In analogy, we consider the morphism д : F → P1Fp and the
Fp -point x ∈ д−1(1). e following properties will then hold if p is sufficiently large:
(11.8.1) e natural morphism OP1
Fp
→ д∗OF is an isomorphism; this follows from
(11.7.2) and [Gro66, Prop. 9.4.4]. In particular, д has geometrically connected
fibres, by [GW10, m. 12.69 on p. 348].
(11.8.2) No geometric fibre of д is multiple: this follows from (11.7.3) and the fact that
multiplicities “spread out well over an open on the base”, as follows for example
from the arguments in [LSS17, Lem. 3.12] and [Gvi19, Lem. 3.9].
(11.8.3) e geometric fibres ofд over 0 and∞ are simply connected and each irreducible
component of these fibres has multiplicity at least two: this is a consequence of
(11.7.5) and the classic specialisation theorem for the e´tale fundamental group,
see [Gro71, Exp. X, Cor 2.4].
By [Gro67, Prop. 17.7.11], we may choose a dense open set 1 ∈ S◦ ⊆ P1
Fp
\ {0,∞} over
which the morphism д is smooth.
Step 1b. Products and covers. Spreading out and using a suitable version of the cyclic
covering trick –which features already in the proof of [Sto11,m. 3.1], and in Campana’s
construction [Cam05, §5] – we can now construct a commutative diagram of morphisms
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between Fp -varieties as follows,
Y ◦
π ◦
//
f

X ◦
φ◦
//
h

S◦
σ ◦
ss
F × S◦
д×Id
// P1
Fp
× S◦
pr2
// S◦.
Set X ◦ := P1
Fp
× S◦ and let φ◦ be the projection to the second factor. Writing
Bt := {t} × S◦ and B∆ :=
{(t , s) ∈ P1
Fp
× S◦ | t = s},
the Fp -morphism h is the (separable!) triple cover which ramifies totally over the curves
B1 and B∆,
h : X ◦ → P1Fp × S◦, h(x , t) :=
( (x−t )3+t ·(x−1)3
(x−t )3+ (x−1)3 , t
)
.
Take Y ◦ as the fibre product, and σ ◦ as the fibre product of the following morphisms,
α : S◦ → X ◦ = P1Fp × S◦, α(t) :=
(
1, t
)
β : S◦ → F × S◦, β(t) := (x , t).
Finally, set D◦ := 12 · h∗
(
B0 + B∞
)
.
Step 1c. Summary. e main properties of this construction are summarised as follows.
(11.9.1) Since F is smooth over Fp [Gro67, Prop. 17.7.11], we find that φ
◦ ◦ π ◦ : Y ◦ → S◦
is smooth. e geometric fibres of π ◦ are those of д, and therefore geometrically
connected by (11.8.1). e morphism π ◦ is smooth over an open subset of X ◦.
(11.9.2) e choice S◦ guarantees that h is e´tale along B0 and B∞. e pair
(
X ◦,D◦
)
is
therefore relatively snc over S◦. An elementary computation using cross ratios,
as explained in [KTV00, §7], shows that Sequence (3.3.1) does not split when
restricted to the generic fibre Xη of φ
◦.
(11.9.3) Using that X ◦η is rational and that suppD◦ → S◦ is six-to-one, we find that the
degree of KX ◦ +D
◦ on the generic fibre Xη of φ◦ equals one.
(11.9.4) We claim that the support of (π ◦)∗D◦ is isomorphic to the product of suppD◦
with a geometrically simply connected curve, and that every component
(π ◦)∗⌈D◦⌉ has multiplicity at least 2. is follows from (11.8.3) since
(π ◦)∗ ⌈D⌉ = (π ◦)∗h∗ (B0 + B∞) = f ∗(д × Id)∗ (B0 + B∞)
= f ∗
(
д∗
({0} + {∞}) × S◦) .
(11.9.5) If E◦ ⊂ X ◦ is any prime divisor which dominates S◦, then the coefficients of
(π ◦)∗E◦ are coprime. is is again a consequence of (11.8.2), using the fact that
the fibres of π ◦ are those of д.
Step 2. Verification of properties. Writing η for the generic point of S◦, with residue
field K := Fp (t), we view Yη is a smooth projective surface over K , equipped with a
surjection π ◦η : Yη → X ◦η = P1K . It remains to show that the surface Yη is of general type,
geometrically simply connected and that π ◦η
(
Yη(K)
)
is finite and not empty.
Step 2a. General type. Since FQ is of general type over Q, the surface FFp is of general type
over Fp , and (F × S◦)η is of general type over K . Since h is separable, so is the induced
morphism ofK-varieties, fη : Yη → (F ×S◦)η . As a separable cover of a surface of general
type, Yη is then itself of general type.
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Step 2b. Simple connectedness. Writing K for an algebraic closure of K , we need to show
that YK is simply connected. Item (11.9.1) equips us with a proper map πK : YK → P1K
with connected fibres. Beer still, Item (11.9.4) asserts that πK admits at least one simply
connected fibre, while Item (11.9.5) asserts that πK has no multiple fibre. Lemma 11.6
therefore applies to show the simple connectedness.
Step 2c. Rational points. e existence of σ ◦ shows that Y ◦(K) is not empty. To prove
finiteness, we pass to the algebraic closure, k := Fp , consider the sequence of morphisms
over k ,
Y ◦
k
π ◦
k
, dominant
// X ◦
k
φ◦
k
, dominant
// S◦
k
⊆ P1
k
,
and use the Mordell theorem for C-integral points, eorem 3.12, to show the stronger
statement that π ◦
k
(
Y ◦
k
(
k(t)) ) ⊆ X ◦
k
(
k(t)) is finite. To this end, choose compactifications,
Yk
πk , dominant // Xk
φk , dominant // Sk = P1k ,
such thatXk is k-smooth and (Xk ,Dk ) is snc, whereDk is the Zariski-closure of the divisor
D◦
k
. Recalling that smoothness and non-vanishing of the Kodaira-Spencer map remain
invariant when passing from Fp to k , we find that the morphism φk : Xk → Sk and the
pair (Xk ,Dk ) satisfy all assumptions made in eorem 3.12. In particular, there are at
most finitely many C-integral points Sk → Xk . To conclude, we need to check that given
any k(t)-valued point γ ∈ Y ◦
k
(
k(t)) , or equivalently any section γ : Sk → Yk , then either
(π ◦γ ) is C-integral, or Image(π ◦ γ ) ⊆ suppD. Recalling from (11.9.1) that π ◦
k
is smooth
over an open of X ◦
k
, this follows from Lemma 11.4; hence we are done. 
12. Construction of the example — proof of Theorem 1.1
e goal of this paragraph is to prove eorem 1.1. We will explain how to construct
examples of simply connected fourfolds over global fields for which the failure of the
local-global principle is not explained by a Brauer–Manin obstruction. We will mimic the
construction presented in [Sme17, Prop. 3.2]. While most of the arguments given there
carry over to our seing, the construction in [Sme17] is done over number fields. A few
adjustments are required.
12.1. Comparison of Brauer groups in conic bundles. e following preliminary
lemma extends [CTPS16, Prop. 2.2.(i)] to positive characteristic. For the sake of simplicity,
we restrict ourselves to the case where the characteristic is odd. We do expect, however,
that the result should remain true even in characteristic two.
Lemma 12.1 (Comparison of Brauer groups in conic bundles). Let B be a smooth, pro-
jective, geometrically integral variety over a field K of characteristic different from two. Let
f : W → B be a conic bundle, i.e., a surjective, flat morphism from a smooth, projective, geo-
metrically integral K-varietyW to B, the generic fibre of which is a conic. Assume that there
exists a codimension-one point P on B such that for any other codimension-one pointQ , P
on B, the fibre f −1(Q) is a smooth conic. en, the induced morphism f ∗ : Br(B) → Br(W )
is surjective.
Proof. e argument is based on the proof of [CTPS16, Prop. 2.2.(i)], with some modi-
fications needed to deal with the typical subtleties in positive characteristic. Let η =
SpecK(B) be the generic point of B, the generic fibre Wη is then a smooth conic over
K(B). e following diagram summarises the pull-back morphisms between the Brauer
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groups that will be relevant for us,
Br(B)  
ι∗η //
f ∗

Br(η)
f ∗η , surjective
since conic
Br(W )  
ι∗Wη
// Br(Wη).
Fix a prime ℓ, possibly equal to the characteristic p of K , and let α ∈ Br(W )[ℓ∞]. We
need to show that there exists a class β ∈ Br(B) with f ∗(β) = α . If ℓ is prime to p (in
particular, if ℓ = 2) then the argument from [CTPS16, Prop. 2.2.(i)], which uses residues,
works verbatim. Let us therefore assume that ℓ = p. Set αη := ι
∗
Wη
. Since f ∗η is surjective,
there exists an element βη ∈ Br(η) which maps to αη . We claim that βη ∈ Image ι∗η . A
well-known purity result for the Brauer group, [Gab93, 2.5], implies that it suffices to
prove the following: if Q ∈ B is a point of codimension 1 on the base, inducing a discrete
valuation on K(B) with valuation ring R = OB,Q , then βη ∈ Br(R).
Assume that one such Q is given and write v for the associated valuation on K(B).
e discussion in [CT11, §3.5] implies that the smooth K(B)-conicWη admits a diagonal
model over R given by an equation of the form x2 − ay2 − bz2 = 0, where a ∈ R×, and
v(b) ∈ {0, 1}. In fact, if Q is not the point P from the statement of the lemma, then both
a and b can be chosen in R×Q . In any case, the ring R
′
= R[√a] is a quadratic unramified
extension of R, and if η′ denotes the generic point of SpecR′, thenWη acquires an η′-point
– equivalently,WR acquires an R
′-point. Since βη maps to αη , the restriction βη′ ∈ Br(η′)
maps to αη′ ∈ Br(W ′η ). But αη′ ∈ Br(WR′) since α ∈ Br(W ); evaluating on the R′-point
mentioned above shows that βη′ ∈ Br(R′). Corestricting from R′ to R then shows that
2β ∈ Br(R). Since p , 2, we conclude that β ∈ Br(R), as required. 
12.2. Families of Chaˆtelet surfaces. e second main ingredient in our proof ofeo-
rem 1.1 is the following explicit construction of families of Chaˆtelet surfaces. e idea of
using Chaˆtelet surfaces to address the problem at hand goes back to Poonen.
Proposition 12.2 (Families of Chaˆtelet surfaces). Let K be a global field of odd charac-
teristic. Let Y be a smooth, projective, geometrically integral K-variety. Assume there exists
a dominant, proper morphism f : Y → P1K with geometrically integral generic fibre, such
that f
(
Y (K)) is finite. en, there exists a family of Chaˆtelet surfaces д : S → P1K such that
the fibre product Z := Y ×P1
K
S is a smooth, projective and geometrically integral K-variety
for which Z (K) = ∅, even though Z (AK )e´t,Br , ∅.
Proof. Let us recall the construction from [Sme17, Prop. 3.2]. Let γ : P1K → P1K be a
morphism which maps f (Y (K)) to {∞}. We can then find an integer n ≫ 0 and a section
s ∈ Γ (P1K ×K P1K , O(n, 2)⊗2) , such that the following conditions are all satisfied.
(12.2.1) e vanishing locus of s is a smooth, proper, geometrically integral K-curve C .
(12.2.2) e compositionC ֒→ P1K ×K P1K
π1−→ P1K is e´tale at points where the composed
morphism h := γ ◦ f is not smooth.
(12.2.3) For suitable a ∈ K , the equation y2 − az2 = s defines a conic bundle S˜ → P1K ×K
P1K such that its restriction S˜∞ := S˜ |{∞}×P1K is a Chaˆtelet surface with S˜∞(K) = ∅,
even though S˜∞(AK ) , ∅.
Over number fields, the existence of a Chaˆtelet surface S˜∞ as in Item (12.2.3) is a con-
sequence of [Poo09, Prop. 5.1]. Over global function fields of odd characteristic, the exist-
ence of such an S˜∞ is proven in [Poo09, §11]. Once S˜∞ has been chosen, we canmake sure
that the other conditions hold by solving a basic “interpolation problem” like in [Sme17,
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§3]; this can be done over any infinite field, regardless of its characteristic. e composi-
tion
S˜ → P1K ×K P1K
π1−→ P1K
yields a family of Chaˆtelet surfaces. Let д : S → P1K be the pullback of this family along
γ ; we claim that this yields the desired family for the statement of Proposition 12.2.
Claim 12.3. Writing Z := Y ×P1
K
S , the morphism Z → Y induces an equivalence of
between the categories of finite e´tale covers, E´t(Y ) → E´t(Z ). If, moreover, G is a finite
e´tale group scheme over K and if Z ′ → Z denotes any rightG-torsor, there exists a right
G-torsor Y ′ → Y such that Z ′ → Z and Z ×Y Y ′ → Z are isomorphic as G-torsors.
Proof of Claim 12.3. Both statements follow from the fact that all geometric fibres of Z →
Y are reduced and have trivial e´tale fundamental group. For more details, we refer to the
proofs of [Poo10a, Lem. 8.1] and [CTPS16, Prop. 2.3]; the arguments given there are purely
algebraic and work in any characteristic.  (Claim 12.3)
anks to Lemma 12.1, Claim 12.3 and Conditions (12.2.1)–(12.2.3), the arguments in
the proof of [Sme17, Prop. 3.2] show that the family of surfaces д : S → P1K constructed
above satisfies all requirements, thereby proving Proposition 12.2. 
Remark 12.4. As in [Sme17, Rem. 3.3], one sees that π e´t1 (Z )  π e´t1 (Y ) in the situation of
Proposition 12.2: this follows from the arguments given in [Sme17] since conics, whether
they are smooth or singular, are geometrically simply connected in any characteristic.
Remark 12.5. e proof of Proposition 12.2 starts by constructing a section s of the bundle
O(n, 2)⊗2. If the characteristic ofK is equal to two, one can still find s such that the surface
defined by the modified equation y2 + yz + az2 = s satisfies Properties (12.2.1)–(12.2.3).
e existence of a suitable Chaˆtelet surface S˜∞ in characteristic two follows from a result
of Viray, [Vir10, m. 1.1]. We chose to restrict ourselves to odd characteristic because
our previous result, Lemma 12.1, has been stated only in this setup.
12.3. Proof of eorem 1.1. eorem 1.4 yields the existence of a global field K and a
smooth, projective, geometrically simply connected K-surface S , which comes equipped
with a dominant, proper morphism f : S → P1K , such that f
(
S(K)) is finite and non-
empty. Proposition 12.2 then yields a smooth, projective fourfold overK such thatZ (K) =
∅, whereas Z (AK )e´t,Br , ∅. We have seen in Remark 12.4 that Z is geometrically simply
connected, so that Z (AK )e´t,Br = Z (AK )Br. eorem 1.1 is therefore shown. 
References
[Abr09] Dan Abramovich. Birational geometry for number theorists. In Arithmetic geometry, volume 8 of
Clay Math. Proc., pages 335–373. Amer. Math. Soc., Providence, RI, 2009. ↑ 5
[Cam04] Fre´de´ric Campana. Orbifolds, special varieties and classification theory. Ann. Inst. Fourier (Grenoble),
54(3):499–630, 2004. Available on the internet at eudml.org/doc/116120. ↑ 5, 36
[Cam05] Fre´de´ric Campana. Fibres multiples sur les surfaces: aspects geome´triques, hyperboliques et
arithme´tiques. Manuscripta Math., 117(4):429–461, 2005. DOI:10.1007/s00229-005-0570-5. Preprint
arXiv:0410469. ↑ 2, 3, 10, 36, 37, 38
[Cam11] Fre´de´ric Campana. Orbifoldes ge´ome´triques spe´ciales et classification bime´romorphe des varie´te´s
ka¨hle´riennes compactes. J. Inst. Math. Jussieu, 10(4):809–934, 2011. DOI:10.1017/S1474748010000101.
Preprint arXiv:0705.0737v5. ↑ 16
[CKT16] Benoıˆt Claudon, Stefan Kebekus, and Behrouz Taji. Generic positivity and applications to hyperbol-
icity of moduli spaces. Preprint arXiv:1610.09832. To appear as a chapter in a forthcoming book on
hyperbolicity, October 2016. ↑ 5, 16, 17, 20
[CP15] Fre´de´ric Campana and Mihai Pa˘un. Orbifold generic semi-positivity: an application to fam-
ilies of canonically polarized manifolds. Ann. Inst. Fourier (Grenoble), 65(2):835–861, 2015.
DOI:10.5802/aif.2945. Preprint arXiv:1303.3169. ↑ 4, 16
[CT11] Jean-Louis Colliot-e´le`ne. Varie´te´s presque rationnelles, leurs points rationnels et leurs
de´ge´ne´rescences. In Arithmetic geometry, volume 2009 of Lecture Notes in Math., pages 1–44.
Springer, Berlin, 2011. DOI:10.1007/978-3-642-15945-9 1. ↑ 41
BRAUER–MANIN FAILURE FOR A SIMPLY CONNECTED FOURFOLD 43
[CTPS16] Jean-Louis Colliot-e´le`ne, Ambrus Pa´l, and Alexei N. Skorobogatov. Pathologies of the Brauer-
Manin obstruction. Math. Z., 282(3-4):799–817, 2016. DOI:10.1007/s00209-015-1565-x. ↑ 2, 40, 41, 42
[EV92] He´le`ne Esnault and Eckart Viehweg. Lectures on vanishing theorems, volume 20 of DMV Seminar.
Birkha¨user Verlag, Basel, 1992. DOI:10.1007/978-3-0348-8600-0. ↑ 31
[Fle77] Hubert Flenner. Die Sa¨tze von Bertini fu¨r lokale Ringe. Math. Ann., 229(2):97–111, 1977.
DOI:10.1007/BF01351596. ↑ 33
[Gab93] Ofer Gabber. An injectivity property for e´tale cohomology. Compositio Math., 86(1):1–14, 1993.
numdam.CM-1993-86-1-1-0. ↑ 41
[Gas09] Carlo Gasbarri. e strong abc conjecture over function fields (aer Mcillan and Yamanoi).
Aste´risque, (326):Exp. No. 989, viii, 219–256 (2010), 2009. Se´minaire Bourbaki. Vol. 2007/2008. Pre-
print arXiv:0811.3153. ↑ 9
[Ghy00] E´tienne Ghys. A` propos d’un the´ore`me de J.-P. Jouanolou concernant les feuilles ferme´es des feuil-
letages holomorphes. Rend. Circ. Mat. Palermo (2), 49(1):175–180, 2000. DOI:10.1007/BF02904228. ↑ 16
[GKKP11] Daniel Greb, Stefan Kebekus, Sa´ndor J. Kova´cs, and omas Peternell. Differential forms
on log canonical spaces. Inst. Hautes E´tudes Sci. Publ. Math., 114(1):87–169, November 2011.
DOI:10.1007/s10240-011-0036-0 An extended version with additional graphics is available as
arXiv:1003.2913. ↑ 21
[Gra65] Hans Grauert. Mordells Vermutung u¨ber rationale Punkte auf algebraischen Kurven und Funktion-
enko¨rper. Inst. Hautes E´tudes Sci. Publ. Math., (25):131–149, 1965. numdam.PMIHES-1965-25-131-0.
↑ 4, 5, 10, 12
[Gro57] AlexandreGrothendieck. Sur quelques points d’alge`bre homologique. ToˆhokuMath. J. (2), 9:119–221,
1957. DOI:10.2748/tmj/1178244839. ↑ 21
[Gro65] Alexandre Grothendieck. E´le´ments de ge´ome´trie alge´brique. IV. E´tude locale des sche´mas et des
morphismes de sche´mas. II. Inst. Hautes E´tudes Sci. Publ. Math., (24):231, 1965. Revised in collabora-
tion with Jean Dieudonne´. numdam.PMIHES-1965-24-231-0. ↑ 32
[Gro66] Alexandre Grothendieck. E´le´ments de ge´ome´trie alge´brique. IV. E´tude locale des sche´mas et des
morphismes de sche´mas III. Inst. Hautes E´tudes Sci. Publ. Math., (28):255, 1966. Revised in collabora-
tion with Jean Dieudonne´. numdam.PMIHES-1966-28-5-0. ↑ 38
[Gro67] Alexandre Grothendieck. E´le´ments de ge´ome´trie alge´brique. IV. E´tude locale des sche´mas et des
morphismes de sche´mas IV. Inst. Hautes E´tudes Sci. Publ. Math., (32):361, 1967. Revised in collabora-
tion with Jean Dieudonne´. numdam.PMIHES-1967-32-5-0. ↑ 38, 39
[Gro71] Alexandre Grothendieck. Reveˆtements e´tales et groupe fondamental (SGA 1). Springer-Verlag, Berlin,
1971. Se´minaire de Ge´ome´trie Alge´brique du Bois Marie 1960–1961, Dirige´ par Alexandre Grothen-
dieck. Augmente´ de deux expose´s de Miche`le Raynaud, Lecture Notes in Mathematics, Vol. 224.
DOI:10.1007/BFb0058656, Also available as arXiv:math/0206203. ↑ 38
[Gvi19] Damia´n Gvirtz. Arithmetic surjectivity for zero-cycles. Preprint arXiv:1901.07117, 2019. ↑ 38
[GW10] Ulrich Go¨rtz and Torsten Wedhorn. Algebraic geometry I, Schemes, With Examples and
Exercises. Advanced Lectures in Mathematics. Vieweg + Teubner, Wiesbaden, 2010.
DOI:10.1007/978-3-8348-9722-0. ↑ 38
[Har77] Robin Hartshorne. Algebraic geometry. Springer-Verlag, New York, 1977. Graduate Texts in Math-
ematics, No. 52. DOI:10.1007/978-1-4757-3849-0. ↑ 4, 32
[Har80] Robin Hartshorne. Stable reflexive sheaves. Math. Ann., 254(2):121–176, 1980.
DOI: 10.1007/BF01467074. ↑ 26
[HS14] Yonatan Harpaz and Alexei N. Skorobogatov. Singular curves and the e´tale Brauer-Manin obstruc-
tion for surfaces. Ann. Sci. E´c. Norm. Supe´r. (4), 47(4):765–778, 2014. DOI:10.24033/asens.2226. ↑ 2
[JK11] Kelly Jabbusch and Stefan Kebekus. Positive sheaves of differentials coming from coarse moduli
spaces. Ann. Inst. Fourier (Grenoble), 61(6):2277–2290 (2012), 2011. DOI:10.5802/aif.2673. Preprint
arXiv:0904.2445. ↑ 16
[Jou78] Jean-Pierre Jouanolou. Hypersurfaces solutions d’une e´quation de Pfaff analytique. Math. Ann.,
232(3):239–245, 1978. DOI:10.1007/BF01351428. ↑ 16
[Keb13] Stefan Kebekus. Pull-back morphisms for reflexive differential forms. Adv. Math., 245:78–112, 2013.
DOI:10.1016/j.aim.2013.06.013. Preprint arXiv:1210.3255. ↑ 4
[Kim97] Minhyong Kim. Geometric height inequalities and the Kodaira-Spencer map. Compositio Math.,
105(1):43–54, 1997. DOI:A:1017995416618. ↑ 4, 9, 10, 11, 12, 13, 15, 29
[Kim00] Minhyong Kim. Erratum for: “Geometric height inequalities and the Kodaira-Spencer map” [Com-
positio Math. 105 (1997), no. 1, 43–54; MR1436743 (98j:14029)]. Compositio Math., 121(2):219, 2000.
DOI:A:1001882724260. ↑ 11, 15
[Kle74] Steven L. Kleiman. e transversality of a general translate. Compositio Math., 28:287–297, 1974.
numdam.CM-1974-28-3-287-0. ↑ 33
[Kol96] Ja´nos Kolla´r. Rational curves on algebraic varieties, volume 32 of Ergebnisse der Mathematik und ihrer
Grenzgebiete. 3. Folge. A Series of Modern Surveys in Mathematics [Results in Mathematics and Re-
lated Areas. 3rd Series. A Series of Modern Surveys in Mathematics]. Springer-Verlag, Berlin, 1996.
DOI:10.1007/978-3-662-03276-3. ↑ 35
44 STEFAN KEBEKUS, JORGE VITO´RIO PEREIRA, AND ARNE SMEETS
[KTV00] Minhyong Kim, Dinesh S. akur, and Jose´ F. Voloch. Diophantine approximation and deformation.
Bull. Soc. Math. France, 128(4):585–598, 2000. DOI:10.24033/bsmf.2383. ↑ 8, 9, 29, 39
[Lan02] Serge Lang. Algebra, volume 211 of Graduate Texts in Mathematics. Springer-Verlag, New York, third
edition, 2002. DOI:10.1007/978-1-4613-0041-0. ↑ 18
[Lip78] Joseph Lipman. Desingularization of two-dimensional schemes.Ann. Math. (2), 107(2):151–207, 1978.
DOI:10.2307/1971141. ↑ 14
[Liu02] Qing Liu. Algebraic geometry and arithmetic curves, volume 6 of Oxford Graduate Texts in Mathem-
atics. Oxford University Press, Oxford, 2002. Translated from the French by Reinie Erne´, Oxford
Science Publications. ↑ 15
[LSS17] Daniel Loughran, Alexei N. Skorobogatov, and Arne Smeets. Pseudo-split fibres and arithmetic sur-
jectivity. Preprint arXiv:1705.10740, 2017. ↑ 38
[Man63] Juri I. Manin. Rational points on algebraic curves over function fields. Izv. Akad. Nauk SSSR Ser. Mat.,
27:1395–1440, 1963. DOI:10.1142/9789812830517 0002. ↑ 10
[McQ13] Michael Mcillan. De´rivation relative. C. R. Math. Acad. Sci. Paris, 351(13-14):523–526, 2013.
DOI:10.1016/j.crma.2013.05.003. ↑ 9
[Miy87] Yoichi Miyaoka. e Chern classes and Kodaira dimension of a minimal variety. In Algebraic geo-
metry, Sendai, 1985, volume 10 of Adv. Stud. Pure Math., pages 449–476. North-Holland, Amsterdam,
1987. ↑ 16, 32
[Par68] Aleksey N. Parshin. Algebraic curves over function fields. I. Izv. Akad. Nauk SSSR Ser. Mat., 32:1191–
1219, 1968. ↑ 10
[Poo01] Bjorn Poonen. e Hasse principle for complete intersections in projective space. In Rational
points on algebraic varieties, volume 199 of Progr. Math., pages 307–311. Birkha¨user, Basel, 2001.
DOI:10.1007/978-3-0348-8368-9 11. ↑ 2
[Poo09] Bjorn Poonen. Existence of rational points on smooth projective varieties. J. Eur. Math. Soc. (JEMS),
11(3):529–543, 2009. DOI:10.4171/JEMS/159. ↑ 41
[Poo10a] Bjorn Poonen. Insufficiency of the Brauer-Manin obstruction applied to e´tale covers. Ann. of Math.
(2), 171(3):2157–2169, 2010. DOI:10.4007/annals.2010.171.2157. ↑ 2, 42
[Poo10b] Bjorn Poonen. Multivariable polynomial injections on rational numbers. Acta Arith., 145(2):123–127,
2010. DOI:10.4064/aa145-2-2. ↑ 3
[Sam66a] Pierre Samuel. Comple´ments a` un article de Hans Grauert sur la conjecture de Mordell. Inst. Hautes
E´tudes Sci. Publ. Math., (29):55–62, 1966. numdam.PMIHES-1966-29-55-0. ↑ 10
[Sam66b] Pierre Samuel. Lectures on old and new results on algebraic curves. Notes by S. Anantharaman. Tata
Institute of Fundamental Research Lectures on Mathematics, No. 36. Tata Institute of Fundamental
Research, Bombay, 1966. Available on the internet at www.math.tifr.res.in/∼publ/ln/index.html. ↑ 10
[Ser89] Jean-Pierre Serre. Lectures on the Mordell-Weil theorem. Aspects of Mathematics, E15. Friedr. Vieweg
& Sohn, Braunschweig, 1989. Translated from the French and edited by Martin Brown from notes
by Michel Waldschmidt. DOI:10.1007/978-3-663-14060-3. ↑ 12, 29
[Sko99] Alexei N. Skorobogatov. Beyond the Manin obstruction. Invent. Math., 135(2):399–424, 1999.
DOI:10.1007/s002220050291. ↑ 2
[Sme17] Arne Smeets. Insufficiency of the e´tale Brauer-Manin obstruction: towards a simply connected ex-
ample. Amer. J. Math., 139(2):417–431, 2017. DOI:10.1353/ajm.2017.0010. ↑ 2, 4, 40, 41, 42
[Sta18] e Stacks Project Authors. Stacks project. Available on the internet at stacks.math.columbia.edu,
2018. ↑ 18, 32, 35, 36
[Sto11] Lidia Stoppino. Fibrations of Campana general type on surfaces. Geom. Dedicata, 155:69–80, 2011.
DOI:10.1007/s10711-011-9578-z. ↑ 3, 36, 38
[SW95] Peter Sarnak and LanWang. Some hypersurfaces in P4 and the Hasse-principle. C. R. Acad. Sci. Paris
Se´r. I Math., 321(3):319–322, 1995. ↑ 2
[Szp81] Lucien Szpiro. Proprie´te´s nume´riques du faisceau dualisant relatif.Aste´risque, (86):44–78, 1981. Sem-
inar on Pencils of Curves of Genus at Least Two. ↑ 10
[Vie95] Eckart Viehweg. asi-projective moduli for polarized manifolds, volume 30 of Ergebnisse der Math-
ematik und ihrer Grenzgebiete (3) [Results in Mathematics and Related Areas (3)]. Springer-Verlag,
Berlin, 1995. DOI:10.1007/978-3-642-79745-3. ↑ 19
[Vir10] Bianca Viray. A family of varieties with exactly one pointless rational fiber.
J. e´or. Nombres Bordeaux, 22(3):741–745, 2010. Available on the internet at
jtnb.cedram.org/item?id=JTNB 2010 22 3 741 0. ↑ 42
[Voj91] Paul Vojta. On algebraic points on curves. Compositio Math., 78(1):29–36, 1991.
numdam.CM-1991-78-1-29-0. ↑ 4, 9, 12
[Vol91] Jose´ F. Voloch. On the conjectures of Mordell and Lang in positive characteristics. Invent. Math.,
104(3):643–646, 1991. DOI:10.1007/BF01245094. ↑ 8, 10
[VZ02] Eckart Viehweg and Kang Zuo. Base spaces of non-isotrivial families of smooth min-
imal models. In Complex geometry (Go¨ingen, 2000), pages 279–328. Springer, Berlin, 2002.
DOI:10.1007/978-3-642-56202-0 16. Preprint arXiv:math/0103122. ↑ 4
BRAUER–MANIN FAILURE FOR A SIMPLY CONNECTED FOURFOLD 45
[Yam04] Katsutoshi Yamanoi. e second main theorem for small functions and related problems. Acta Math.,
192(2):225–294, 2004. DOI:10.1007/BF02392741. ↑ 9
StefanKebebus, Mathematisches Institut, Albert-Ludwigs-Universita¨t Freiburg, Ernst-Zermelo-
Strasse 1, 79104 Freiburg im Breisgau, Germany & Freiburg Institute for Advanced Studies (FRIAS),
Freiburg im Breisgau, Germany
E-mail address: stefan.kebekus@math.uni-freiburg.de
URL: https://cplx.vm.uni-freiburg.de
Jorge Vito´rio Pereira, IMPA, Estrada Dona Castorina 110, 22460-320, Rio de Janeiro, Brazil
E-mail address: jvp@impa.br
URL: https://www.impa.br/∼jvp
Arne Smeets, IMAPP, Radboud Universiteit Nijmegen, Heyendaalseweg 135, 6525 AJ Nijmegen, The
Netherlands
E-mail address: arnesmeets@gmail.com
URL: https://sites.google.com/site/arnesmeets
